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Abstract: This paper proposes a formulation of dynamical equation of bipedal walking model of humanoid robot with
foot by Newton-Euler Method well-known in robotics field as a calculation scheme of dynamics, which can describe a dy-
namical effect of foot’s slipping without any approximation. This formulation including kicking torque of foot inevitably
and naturally generates sequential variety in dynamical walking gait pattern—derived from orders of detaching/landing
sequences—which has been ignored in case of round-foot or point-foot model.

Keywords: Bipedal walking, Geometric constraint condition, Newton-Euler method.

1. INTRODUCTION

Human beings have acquired an ability of stable
bipedal walking in evolving repetition so far. From a view
point of making a stable controller for the bipedal walk-
ing based on knowledge of control theory, it looks like to
be not easy because of the dynamics with high nonlinear-
ity and coupled interactions between state variables with
high dimensions.

Therefore how to simplify the complicated walking
dynamics to help construct stable walking controller has
been studied intensively. ZMP-based static walking is
one of potential approaches, which has been proved to be
a realistic control strategy to realize stable walking of ac-
tual biped robot, since it can guarantee that the robots can
keep standing by retaining the zero moment point within
the convex hull of supporting area [1, 2]. Honda’s hu-
manoid robot has achieved static walking in real world
by referring a trajectory examined intensively to have the
robot’s ZMP located inside the supporting area [3].

Instead of the ZMP, another approaches that put the
importance on keeping the robot’s walking trajectories
inside of a basin of attraction [4]-[6] including a method
referring limit cycle to determine input torque [7].

Avoiding complications in dealing directly with true
dynamics without approximation, inverted pendulum has
been used frequently for making a stable controller [8]-
[12], simplifying the calculations to determine input
torque. Further linear approximation of the humanoid
robot into simple inverted pendulum enables researchers
to aim at realizing stable gait through well-known con-
trol strategy, i.e., Model Predictive Control, changing the
problem of stable walking into optimization of an objec-
tive function from current time to prediction horizon [13]-
[15]. These previous discussions are all based on simpli-
fied bipedal model, which avoided to discuss the effect of
foot and slipping motion existing usually in real world.

Contrarily to the above the references using simplified
bipedal model, a research [16] has clearly pointed out that
the effect of foot derives varieties of the walking gate, i.e.,
whether a heel lands floor faster than toe or vice versa de-
pends fully on the walking dynamics and ground’s shape,

which could not be predetermined. And that what, the au-
thors think, is more important is that the dimension of the
dynamical equation will change depending on the walk-
ing gate’s varieties. When the Foot’s underside surface
contacts flatly the ground without slipping, the foot does
not move of course, having the foot excluded from the dy-
namical equation. However given that as an example, the
foot should start slipping or the heel be detached from the
ground while its toe being contacting, a new state variable
describing slipping or rotating would emerge, resulting in
an increase of a number of state variables. On the other
hand, landing of the heel or the toe of the lifting leg in
the air to the ground makes a geometrical contact, i.e.,
algebraic constraint should reduce the dimension of the
dynamical model [17, 18]. This kind of dynamics with
the dimension number of state variables being changed
by the result of its dynamical time transitions are out of
the arena of control theory that discusses how to control
a system with fixed states’ number.

Our research has begun from such view point of [16]
as aiming at describing gait dynamics as correctly as pos-
sible, including slipping of the foot on the ground. This
kind of slip can be represented by using the dynamics
proposed in [19], which can model constrained motion
with friction. However, our modeling approach differs
from [16] in that it utilizes Lagrangian Method, instead
of that we adopted Newton-Euler [NE] Method [20] that
calculates all links’ dynamics with full dynamical free-
dom of six (3 for position, 3 for rotation). Furthermore
the NE Method helps to include easily the slipping free-
dom of foot into the description of the dynamics, as has
been written in this paper, and also being useful for solv-
ing forward dynamics calculations [21].

2. DYNAMICAL HUMANOID MODEL

2.1 Model of Single-foot Standing

Humanoid robot standing on one supporting foot can
be modeled as a serial link manipulator having a rami-
fication of torso and floating leg split from standing leg.
A merit to formulate an equation of motion of serial-link
manipulator by NE Method is that we need not to differ-
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Fig. 1 Model of humanoid robot

entiate a kinetic energy like Lagrange Method, where the
calculation of partial differentiation explosively swells as
the number of links increase, which should be avoided es-
pecially when we make a dynamical model of humanoid
robot with many links and freedoms of motion. In this
paper, we discuss the motion in sagittal plane as a biped
robot and whose definition of joint angle is depicted in
Fig. 1. Though its motion is restricted in sagittal plane,
it has fertile dynamics since the robot has flat-sole feet
and kicking torque, then this feature generates varieties
of walking gait sequences, which does not appear in case
of round-foot and point-foot.

Avoiding the partial differentiations, and following the
formulation by NE Method, we first have to calculate re-
lations of positions, velocities and accelerations between
links as forward kinematics procedures from bottom link
to top link [20]. While the two links—a torso of 7-th link,
and left leg of 4-th link—are ramified from waist of 3-rd
link, as shown Fig. 1, the acceleration of the center of
gravity �̈�𝒔𝑖𝑖, 𝑖𝑖 = 4, 7 of 4-th and 7-th links based on world
coordinates Σ𝑊𝑊 , can be calculated based on the acceler-
ation of 3-rd link by:

�̈�𝒔𝑖𝑖 = �̈�𝒑3 + �̇�𝝎𝑖𝑖 × 𝑖𝑖�̂�𝒔𝑖𝑖 + 𝝎𝝎𝑖𝑖 × (𝝎𝝎𝑖𝑖 × 𝑖𝑖�̂�𝒔𝑖𝑖). (1)

Here, 𝑖𝑖�̂�𝒔𝑖𝑖 means gravity center position of the 𝑖𝑖-th link
based on coordinates Σ𝑖𝑖 fixed at 𝑖𝑖-th link, and 3× 3 ma-
trix 𝑹𝑹𝑖𝑖 represents orientation matrix of 𝑖𝑖-th link based on
Σ𝑊𝑊 . �̈�𝒑3 represents acceleration at the origin of Σ𝑖𝑖 and
𝝎𝝎𝑖𝑖 is angular velocity of the 𝑖𝑖-th link. When there is no
prefix letter at the top left corner, it means the vector or
the matrix is expressed in the world frame Σ𝑊𝑊 .

After the above forward kinematic calculation has
been done, contrarily backward force and torque transfer-
ring calculation is the next from top to base link. Newton
equation of the 𝑖𝑖-th link rigid body and Euler equation
are represented by Eqs. (2), (3) below when 𝑚𝑚𝑖𝑖, 𝑰𝑰𝑖𝑖 and
𝑖𝑖�̂�𝒑𝑖𝑖+1 are defined as mass of 𝑖𝑖-th link, inertia tensor of
𝑖𝑖-th link and position vector from the origin of 𝑖𝑖-th link
to the one of (𝑖𝑖 + 1)-th. The rotational motion equations
of motor joints are obtained as Eq. (4) by making inner
product of induced torque onto the 𝑖𝑖-th link’s rotational

(a) (b)

q0

z6 z6

Fig. 2 Phase (I) and (I′)

fn

qe

(a)

qe

fn

(b)

Slipping Slipping

Fig. 3 Phase (II) and (II′)

axis unit vector 𝒆𝒆𝑧𝑧𝑖𝑖.

𝑖𝑖𝒇𝒇 𝑖𝑖 =
𝑖𝑖𝑹𝑹𝑖𝑖+1

𝑖𝑖+1𝒇𝒇 𝑖𝑖+1 +𝑚𝑚𝑖𝑖
𝑖𝑖�̈�𝒔𝑖𝑖, (2)

𝑖𝑖𝒏𝒏𝑖𝑖 =
𝑖𝑖𝑹𝑹𝑖𝑖+1

𝑖𝑖+1𝒇𝒇 𝑖𝑖+1 + 𝑰𝑰𝑖𝑖
𝑖𝑖�̇�𝝎𝑖𝑖 +

𝑖𝑖𝝎𝝎𝑖𝑖 × (𝑰𝑰𝑖𝑖
𝑖𝑖𝝎𝝎𝑖𝑖)

+ 𝑖𝑖𝒔𝒔𝑖𝑖 × (𝑚𝑚𝑖𝑖
𝑖𝑖�̈�𝒔𝑖𝑖) +

𝑖𝑖�̂�𝒑𝑖𝑖+1 × (𝑖𝑖𝑹𝑹𝑖𝑖+1
𝑖𝑖+1𝒇𝒇 𝑖𝑖+1), (3)

𝜏𝜏𝑖𝑖 = (𝒆𝒆𝑧𝑧𝑖𝑖)
𝑇𝑇 𝑖𝑖𝒏𝒏𝑖𝑖. (4)

Since force and torque of 4-th and 7-th links are exerted
on 3-rd link, effects influence onto 3-rd link as:

3𝒇𝒇3 = 3𝑹𝑹4
4𝒇𝒇4 + 3𝑹𝑹7

7𝒇𝒇7 +𝑚𝑚3
3�̈�𝒔3, (5)

3𝒏𝒏3 = 3𝑹𝑹4
4𝒏𝒏4 + 3𝑹𝑹7

7𝒏𝒏7 + 𝑰𝑰3
3�̇�𝝎3 + 3𝝎𝝎3 × (𝑰𝑰3

3𝝎𝝎3)

+ 3𝒔𝒔3 × (𝑚𝑚3
3�̈�𝒔3) +

3�̂�𝒑4 × (3𝑹𝑹4
4𝒇𝒇4)

+ 3�̂�𝒑7 × (3𝑹𝑹7
3𝒇𝒇7), (6)

𝜏𝜏3 = (𝒆𝒆𝑧𝑧3)
𝑇𝑇 3𝒏𝒏3. (7)

Eq. (7) is the dynamical equation of 3-rd link. The
equation of motion of other serial links without ramifi-
cation as shown Eq. (4) can be derived by known in-
verse dynamical calculation procedures [20] in case of
𝑖𝑖 = 1, 2, 4, ⋅ ⋅ ⋅ , 8. Finally, we can get the equation of
motion with one leg standing as:

𝑴𝑴(𝒒𝒒)�̈�𝒒 + 𝒉𝒉(𝒒𝒒, �̇�𝒒) + 𝒈𝒈(𝒒𝒒) +𝑫𝑫�̇�𝒒 = 𝝉𝝉 , (8)

where, joint angle 𝒒𝒒 = [𝑞𝑞1, 𝑞𝑞2, ⋅ ⋅ ⋅ , 𝑞𝑞8]𝑇𝑇 and the support-
ing foot is assumed to be without slipping. 𝑴𝑴 is inertia
matrix, 𝒉𝒉 and 𝒈𝒈 are vectors which indicate Coriolis force,
centrifugal force and gravity, 𝑫𝑫 = 𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑[𝑑𝑑0, 𝑑𝑑1, ⋅ ⋅ ⋅ , 𝑑𝑑7]
is matrix which indicates coefficients of joints’ viscous
friction and 𝝉𝝉 is input torque. This phase of walking pat-
tern is depicted in Fig. 2 (a). When the heel of the stand-
ing foot should detach from the ground before the lifting
foot contacts to the ground as shown in Fig. 2 (b), the
state variable for the foot’s angle 𝑞𝑞0 be added to 𝒒𝒒, thus
𝒒𝒒 = [𝑞𝑞0, 𝑞𝑞1, ⋅ ⋅ ⋅ , 𝑞𝑞8]𝑇𝑇 , but 𝜏𝜏0 = 0 since the toe cannot
exert any torque.

2.2 Model with Single Contacting Constraints
Given a lifting foot contacts with a ground while keep-

ing Phase (I), the Phase (II) appears like Fig. 3 (a) with
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the forefoot’s 𝑧𝑧-axis position being constrained by the
ground. This constraint is represented by Eq. (9), where
𝒓𝒓(𝒒𝒒) represents forefoot’s position in Σ𝑊𝑊 .

𝐶𝐶1(𝒓𝒓(𝒒𝒒)) = 0 (9)

With state variables of Eq. (8) being given 𝒒𝒒 =
[𝑞𝑞1, 𝑞𝑞2, ⋅ ⋅ ⋅ , 𝑞𝑞8]𝑇𝑇 and combining it with Eq. (9), the Phase
(II) in Fig. 3 (a) can be modeled, where the forefoot’s
motion in 𝑦𝑦-axis direction in Σ𝑊𝑊 , i.e., walking direc-
tion has a degree of motion that means the forefoot can
slip forward or backward depending on the foot’s velocity
in 𝑦𝑦-axis before touching down to the ground. Translate
condition from Phase (I) to (II), and other conditions will
be discussed in section IV. It is a common sense that (i)
the reaction force 𝑓𝑓𝑛𝑛 and friction force of the forefoot
𝑓𝑓𝑡𝑡 are orthogonal and (ii) 𝑓𝑓𝑡𝑡 is proportional to 𝑓𝑓𝑛𝑛, i.e.,
𝑓𝑓𝑡𝑡 = 𝐾𝐾𝑓𝑓𝑛𝑛 (𝐾𝐾 is constant scalar). When the forefoot does
not slip, 𝑓𝑓𝑡𝑡 acts as static friction. On the other hand, when
the foot slips, it acts as dynamic friction. Then the equa-
tion of motion with single constraint can be expressed as:

𝑴𝑴(𝒒𝒒)�̈�𝒒 + 𝒉𝒉(𝒒𝒒, �̇�𝒒) + 𝒈𝒈(𝒒𝒒) +𝑫𝑫�̇�𝒒

= 𝝉𝝉 + 𝒋𝒋𝑇𝑇𝑐𝑐 𝑓𝑓𝑛𝑛 − 𝒋𝒋𝑇𝑇𝑡𝑡 𝑓𝑓𝑡𝑡

= 𝝉𝝉 + (𝒋𝒋𝑇𝑇𝑐𝑐 − 𝒋𝒋𝑇𝑇𝑡𝑡 𝐾𝐾)𝑓𝑓𝑛𝑛, (10)

where 𝒋𝒋𝑐𝑐 and 𝒋𝒋𝑡𝑡 are defined as:

𝒋𝒋𝑇𝑇𝑐𝑐 =

(
∂𝐶𝐶1

∂𝒒𝒒𝑇𝑇

)𝑇𝑇(
1/

����
∂𝐶𝐶1

∂𝒓𝒓𝑇𝑇

����
)
, 𝒋𝒋𝑇𝑇𝑡𝑡 =

(
∂𝒓𝒓

∂𝒒𝒒𝑇𝑇

)𝑇𝑇 �̇�𝒓

∥�̇�𝒓∥ . (11)

Moreover, Eq. (9) are differentiated by time two times,
then we can derive the constraint condition of �̈�𝒒.

(
∂𝐶𝐶1

∂𝒒𝒒𝑇𝑇

)
�̈�𝒒+�̇�𝒒𝑇𝑇

{
∂

∂𝒒𝒒

(
∂𝐶𝐶1

∂𝒒𝒒𝑇𝑇

)}
�̇�𝒒 = 0 (12)

The �̈�𝒒 in Eq. (10) and Eq. (12) should be identical so
the time solution of Eq. (12) be under the constraint of
Eq. (9). Then the following simultaneous equation of
�̈�𝒒 and the 𝑓𝑓𝑛𝑛 have to be maintained during the contacting
period of the motion. Here, the 𝑓𝑓𝑛𝑛 is decided dependently
to make the �̈�𝒒 in Eq. (10) and Eq. (12) to be identical.

⎡
⎣ 𝑴𝑴(𝒒𝒒) −(𝒋𝒋𝑇𝑇𝑐𝑐 − 𝒋𝒋𝑇𝑇𝑡𝑡 𝐾𝐾)

∂𝐶𝐶1

∂𝒒𝒒𝑇𝑇
0

⎤
⎦
[

�̈�𝒒
𝑓𝑓𝑛𝑛

]

=

⎡
⎣

𝝉𝝉 − 𝒉𝒉(𝒒𝒒, �̇�𝒒)− 𝒈𝒈(𝒒𝒒)−𝑫𝑫�̇�𝒒

−�̇�𝒒𝑇𝑇

{
∂

∂𝒒𝒒

(
∂𝐶𝐶1

∂𝒒𝒒𝑇𝑇

)}
�̇�𝒒

⎤
⎦ (13)

When the heel of the hind leg should detach from the
ground while forefoot’s heel contacting to the ground as
shown Fig. 3 (b), the state variable for the foot’s angle 𝑞𝑞0
be added to 𝒒𝒒, increasing to 𝒒𝒒 = [𝑞𝑞0, 𝑞𝑞1, ⋅ ⋅ ⋅ , 𝑞𝑞8]𝑇𝑇 . With
the including 𝑞𝑞0 as 𝒒𝒒 = [𝑞𝑞0, 𝑞𝑞1, ⋅ ⋅ ⋅ , 𝑞𝑞8]𝑇𝑇 , the equation
of motion Eq. (13) represents the motion in Fig. 3 (b),
Phase (II′).

Moreover, Fig. 4 indicates a situation that the fore-
foot is stationary and rear-foot’s toe is contacting. In this

fn
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Fig. 4 Phase (IV)

phase, the tiptoe of rear-foot is point-contacting. Since
this situation can be thought to be the same as the Phase
(II), which means that the walking phases are completely
reversible about fore and hind foot, we can represent this
Phase (IV) by using Eq. (13)

2.3 Model with Plural Contacting Constraints
When the forefoot’s sole surface contacts to the ground

as shown Fig 5 (a), another constraint emerges besides
the 𝑧𝑧-axis constraint 𝐶𝐶1 defined by Eq. (9) so forefoot’s
angle has to be kept as zero, that is 𝐶𝐶2(𝒓𝒓(𝒒𝒒)) = 0, then
the plural constraints are

𝑪𝑪(𝒓𝒓(𝒒𝒒)) =

[
𝐶𝐶1(𝒓𝒓(𝒒𝒒))
𝐶𝐶2(𝒓𝒓(𝒒𝒒))

]
= 0, (14)

where in this case 𝐶𝐶2(𝒓𝒓(𝒒𝒒)) = 𝑞𝑞𝑒𝑒 = 𝑞𝑞1+ 𝑞𝑞2+ ⋅ ⋅ ⋅+ 𝑞𝑞6 =
0. Then, robot’s equation of motion with external forces
𝑓𝑓𝑛𝑛 and 𝜏𝜏𝑛𝑛 corresponding to 𝐶𝐶1 and 𝐶𝐶2 can be derived by
the same procedures as Eq. (10):

𝑴𝑴(𝒒𝒒)�̈�𝒒 + 𝒉𝒉(𝒒𝒒, �̇�𝒒) + 𝒈𝒈(𝒒𝒒) +𝑫𝑫�̇�𝒒

= 𝝉𝝉 + (𝒋𝒋𝑇𝑇𝑐𝑐 − 𝒋𝒋𝑇𝑇𝑡𝑡 𝐾𝐾)𝑓𝑓𝑛𝑛 + 𝒋𝒋𝑇𝑇𝑟𝑟 𝜏𝜏𝑛𝑛, (15)

where 𝒋𝒋𝑟𝑟 is

𝒋𝒋𝑇𝑇𝑟𝑟 =

(
∂𝐶𝐶2

∂𝒒𝒒𝑇𝑇

)𝑇𝑇(
1/

����
∂𝐶𝐶2

∂𝒒𝒒𝑇𝑇

����
)
. (16)

Differentiating by time two times Eq. (14), and com-
bining it with Eq. (15), we get,

⎡
⎣

𝑴𝑴(𝒒𝒒) −(𝒋𝒋𝑇𝑇𝑐𝑐 − 𝒋𝒋𝑇𝑇𝑡𝑡 𝐾𝐾) −𝒋𝒋𝑇𝑇𝑟𝑟
∂𝐶𝐶1/∂𝒒𝒒

𝑇𝑇 0 0
∂𝐶𝐶2/∂𝒒𝒒

𝑇𝑇 0 0

⎤
⎦
⎡
⎣

�̈�𝒒
𝑓𝑓𝑛𝑛
𝜏𝜏𝑛𝑛

⎤
⎦

=

⎡
⎢⎢⎢⎢⎣

𝝉𝝉 − 𝒉𝒉(𝒒𝒒, �̇�𝒒)− 𝒈𝒈(𝒒𝒒)−𝑫𝑫�̇�𝒒

−�̇�𝒒𝑇𝑇

{
∂

∂𝒒𝒒

(
∂𝐶𝐶1

∂𝒒𝒒𝑇𝑇

)}
�̇�𝒒

−�̇�𝒒𝑇𝑇

{
∂

∂𝒒𝒒

(
∂𝐶𝐶2

∂𝒒𝒒𝑇𝑇

)}
�̇�𝒒

⎤
⎥⎥⎥⎥⎦
. (17)

3. WALKING GAIT TRANSITION

Fig. 6 denotes bipedal walking gait transition. In the
phase that has ramification, the gait is switched to next
phase in case of auxiliary written switching condition be-
ing satisfied. What the authors want to emphasize here is
that the varieties of this transition completely depend on
the solution of dynamics shown as Eqs. (8), (13), (17).
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Therefore, we cannot predetermine the walking gaits pat-
tern, contrarily it will be depended on the initial condi-
tions of the robot, input torque, the shape of the ground
and so on.

3.1 Transition from (I) to (I′) or from (II) to (II′)
A condition that a heel of the rear-foot detaches from

the ground in Phase (I) or (II) is discussed here. For this
judge, force 1𝒇𝒇1 and moment 1𝒏𝒏1 derived from Eqs. (2),
(3) (𝑖𝑖 = 1) are used. Firstly, reference coordinate of 1𝒇𝒇1

and 1𝒏𝒏1 is converted from Σ1 to Σ𝑊𝑊 by 𝑊𝑊𝒇𝒇1 = 𝑊𝑊𝑹𝑹1
1𝒇𝒇1

and 𝑊𝑊𝒏𝒏1 = 𝑊𝑊𝑹𝑹1
1𝒏𝒏1. Then, projection to 𝑧𝑧-axis of 𝑊𝑊𝒇𝒇1

and projection to 𝑥𝑥-axis of 𝑊𝑊𝒏𝒏1 are derived by using unit
vector 𝒆𝒆𝑥𝑥 and 𝒆𝒆𝑧𝑧 .

𝑊𝑊 𝑓𝑓1𝑧𝑧 = (𝒆𝒆𝑧𝑧)
𝑇𝑇 𝑊𝑊𝒇𝒇1,

𝑊𝑊𝑛𝑛1𝑥𝑥 = (𝒆𝒆𝑥𝑥)
𝑇𝑇 𝑊𝑊𝒏𝒏1 (18)

Given that the foot’s contacting points are to be two
points of tip and heel, 𝑊𝑊 𝑓𝑓1𝑧𝑧 and 𝑊𝑊𝑛𝑛1𝑥𝑥 are converted to
two reaction force exerting from the ground to the tiptoe
and heel of Link-0 as shown Fig. 7. Here, when resultant
forces that act on rear/front of Link-0 are defined as 𝐹𝐹𝑅𝑅

and 𝐹𝐹𝐹𝐹 respectively, we can get two equations below.

𝐹𝐹𝑅𝑅 =
𝑊𝑊𝑓𝑓1𝑧𝑧
2

−
𝑊𝑊𝑛𝑛1𝑥𝑥

𝐿𝐿
, 𝐹𝐹𝐹𝐹 =

𝑊𝑊𝑓𝑓1𝑧𝑧
2

+
𝑊𝑊𝑛𝑛1𝑥𝑥

𝐿𝐿
(19)

Thus, when value of 𝐹𝐹𝑅𝑅 becomes negative, Link-0 begins
to rotate around the tiptoe, which means the heel detaches
from the ground. For this reason, an inequality 𝐹𝐹𝑅𝑅 < 0
is a condition expression for switching.

3.2 Transition from (I) to (II) and from (I′) to (II′)
This transition means that the heel of the forefoot

(Link-6) attaches to the ground in Phase (I) or (I′). There-
fore, when 𝑧𝑧-axis of the heel is defined as 𝑧𝑧6 shown as
Fig. 2, switching condition is 𝑧𝑧6 ≤ 0.

3.3 Transition from (II) to (III) and from (II′) to (III′)
This change of phase means that the tiptoe of the fore-

foot (Link-6) attaches to the ground in Phase (II) or (II′).
By using 𝑞𝑞𝑒𝑒 in Fig. 3, switching condition is 𝑞𝑞𝑒𝑒 ≤ 0.

During the transition in previous subsection and this
subsection, we consider collision between foot and
ground by using the method introduced in [16]. By in-
tegration of motion equation with constraint, equation of
striking moment can be obtained.

𝑴𝑴(𝒒𝒒)�̇�𝒒+ = 𝑴𝑴(𝒒𝒒)�̇�𝒒− + 𝒋𝒋𝑇𝑇𝑐𝑐 𝐼𝐼𝑐𝑐 (20)

𝑴𝑴(𝒒𝒒)�̇�𝒒+ = 𝑴𝑴(𝒒𝒒)�̇�𝒒− + 𝒋𝒋𝑇𝑇𝑟𝑟 𝐼𝐼𝑟𝑟 (21)

Eq. (20) describes the collision of lateral motion in 𝑧𝑧-
axis of Σ𝑊𝑊 between the heel and the ground, and Eq.
(21) describes the collision of rotational motion around
𝑥𝑥-axis between the tiptoe and the ground. �̇�𝒒+ and �̇�𝒒− are
angular velocity after and before the strike respectively.

𝐼𝐼𝑐𝑐 = lim𝑡𝑡−→𝑡𝑡+
∫ 𝑡𝑡+

𝑡𝑡− 𝑓𝑓𝑛𝑛𝑑𝑑𝑑𝑑 and 𝐼𝐼𝑟𝑟 = lim𝑡𝑡−→𝑡𝑡+
∫ 𝑡𝑡+

𝑡𝑡− 𝜏𝜏𝑛𝑛𝑑𝑑𝑑𝑑
are the impulses that act on the robot. Motion of the robot
is constrained by the followed equation after the strike.

∂𝐶𝐶1

∂𝒒𝒒
�̇�𝒒+ = 0,

∂𝐶𝐶2

∂𝒒𝒒
�̇�𝒒+ = 0 (22)

Then, the equation of strike of matrix formation in the
case of heel/tiptoe can be obtained from Eqs. (20)–(22).[

𝑴𝑴(𝒒𝒒) −𝒋𝒋𝑇𝑇𝑐𝑐
𝒋𝒋𝑐𝑐 0

] [
�̇�𝒒+

𝐼𝐼𝑐𝑐

]
=

[
𝑴𝑴(𝒒𝒒)�̇�𝒒−

0

]
(23)

[
𝑴𝑴(𝒒𝒒) −𝒋𝒋𝑇𝑇𝑟𝑟
𝒋𝒋𝑟𝑟 0

] [
�̇�𝒒+

𝐼𝐼𝑟𝑟

]
=

[
𝑴𝑴(𝒒𝒒)�̇�𝒒−

0

]
(24)

3.4 Transition from (III) to (IV) and from (III′) to (IV)
When forefoot’s slipping stops by friction force 𝑓𝑓𝑡𝑡, the

phase (III) or (III′) is switched to (IV).

3.5 Transition from (IV) to (I)
This transition means that the tiptoe of the rear-foot

(Link-6′) begins to detach from the ground in Phase (IV).
If the value of constraint force 𝑓𝑓𝑛𝑛 shown in Fig. 4 is pos-
itive, weight of the robot is supported by rear-leg. There-
fore, the condition that rear-leg detaches from the ground
is given as 𝑓𝑓𝑛𝑛 < 0.
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Table 1 Physical parameters of each link

Link Number 0 1 2 3 4

𝑚𝑚𝑖𝑖 [kg] 1.0 1.0 1.0 1.5 1.0
𝑙𝑙𝑖𝑖 [m] 0.5 2.0 2.0 1.5 2.0
𝑟𝑟𝑖𝑖 [m] (1.0, 0.5) 0.2 0.2 0.2 0.2

Link Number 5 6 7 8

𝑚𝑚𝑖𝑖 [kg] 1.0 1.0 3.0 1.0
𝑙𝑙𝑖𝑖 [m] 2.0 0.5 2.0 0.5
𝑟𝑟𝑖𝑖 [m] 0.2 (0.5, 1.0) 0.2 0.5

t=0:0[s] t=1:0[s]

t=3:0[s] t=5:0[s] t=10:0[s] t=20:0[s]

Fig. 8 Free fall of Phase (I′)

4. WALKING SIMULATION RESULT

As given condition of simulation, the robot’s link has
physical parameters listed in TABLE 1. We set all joint’s
coefficient of viscous friction as 𝑑𝑑𝑖𝑖 = 50.0 [N⋅m⋅s/rad]
(𝑖𝑖 = 0, 1, ⋅ ⋅ ⋅ , 7), gravity acceleration as 9.8 [m/s2]
and sampling time as 0.002 [sec]. In regard to simula-
tion environment, we used “Borland C++ Builder Pro-
fessional Ver. 5.0” to compile simulation program and
“OpenGL” to display humanoid robot’s time-transient
configurations.

4.1 Confirmation of dynamics and motion

This subsection verifies validity of the dynamics dis-
cussed in section 2. As a representative of non-constraint
motion, free fall of Phase (I′) that is calculated under
𝝉𝝉 = 0 by Eq. (8) shown as Fig. 8. Figure 9 depicts
free fall in Phase (III). This equation of motion is given
by Eq. (17) that the foot being constraint by 𝑧𝑧-axis can
move to 𝑦𝑦-axis by slipping.

4.2 Input torque

In order to keep a walking gait stable, feed-back con-
trol is generally useful. However we want to avoid to
make a controller to generate stable gait motion by refer-
ring desired joint angles based on preferable body mo-
tion. Since this strategy has to keep a restriction of singu-
larity of Jacobian matrix derived from inverse kinemati-
cal relation from body’s desired velocity in world coordi-
nates to joint angular velocity. Instead, a possibility for
stable walking through Jacobian-transpose is examined
in this paper. Simplifying and averting influences from a
complex dynamics made by introducing feed-back con-
troller, we had chosen a feed-forward input generated by
a fixed and periodical time function.

t=0:0[s] t=3:0[s]

t=5:0[s] t=7:0[s] t=10:0[s] t=15:0[s]

Fig. 9 Free fall of Phase (III) under 𝑓𝑓𝑡𝑡 = 0.0
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Fig. 10 Bipedal walking based on controlling a puppet

Inspired from controlling a puppet, suppose a two pe-
riodical forces 𝒇𝒇𝐾𝐾 and 𝒇𝒇𝐻𝐻 exert at head and lifting knee
as shown Fig. 10, input torque 𝝉𝝉 to generate walking
strokes through 𝒇𝒇𝐾𝐾 and 𝒇𝒇𝐻𝐻 is given as:

𝝉𝝉 = 𝑱𝑱𝑇𝑇
𝐾𝐾𝒇𝒇𝐾𝐾 + 𝑱𝑱𝑇𝑇

𝐻𝐻𝒇𝒇𝐻𝐻 . (25)

In Eq. (25), 𝑱𝑱𝐾𝐾 is Jacobian matrix from the the support-
ing foot to lifting knee, and 𝒇𝒇𝐾𝐾 = [𝑓𝑓𝐾𝐾𝐾𝐾, 𝑓𝑓𝐾𝐾𝐾𝐾, 𝑓𝑓𝐾𝐾𝐾𝐾]

𝑇𝑇 is
force by which makes the knee step forward. Therefore,
𝒇𝒇𝐾𝐾 is generated by rotating of Joint-0, 1, 2, 3 until float-
ing foot attaches to the ground. On the other hand, 𝑱𝑱𝐻𝐻

is Jacobian matrix from the supporting foot to the robot’s
head, and 𝒇𝒇𝐻𝐻 = [𝑓𝑓𝐻𝐻𝐾𝐾, 𝑓𝑓𝐻𝐻𝐾𝐾, 𝑓𝑓𝐻𝐻𝐾𝐾]

𝑇𝑇 is force pulling the
robot’s head up. 𝒇𝒇𝐻𝐻 is always input by Joint-0, 1, 2, 6, 7,
8 to prevents head/body of the robot from dropping.

4.3 Example of bipedal walking
Under the environment that the relation of reaction

force and friction force were represented as 𝑓𝑓𝑡𝑡 = 0.5𝑓𝑓𝑛𝑛,
this simulation was conducted. Joint’s angular velocity
was set as �̇�𝒒𝑖𝑖 = 0 (𝑖𝑖 = 0, 1, ⋅ ⋅ ⋅ , 8) and the torque de-
fined by Eq. (25) was input to each joint. Here,

𝒇𝒇𝐾𝐾 =

⎡
⎢⎢⎣

0

4.0 cos
{

2.0𝜋𝜋(𝑡𝑡−𝑇𝑇 )
2.9

}

40.0 cos
{

2.0𝜋𝜋(𝑡𝑡−𝑇𝑇 )
2.9

}

⎤
⎥⎥⎦ , (26)

𝒇𝒇𝐻𝐻 = [ 0, 0.49, 4.8 ]𝑇𝑇 . (27)

In Eq. (26), 𝑡𝑡 means current time and 𝑇𝑇 means the time
spent for walking gait from Phase (IV) to next Phase (IV),
meaning if previous Phase (IV) represents supporting leg
is right, then next Phase (IV) shows left leg supports.

The robot walked in the sequences shown as Fig. 11
in this simulation. This figure means that although the
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Fig. 11 Screenshot of walking simulation
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Fig. 12 Transition of gait

robot could walk seven steps, the robot lost a balance and
turned over since forefoot slipped greatly after that. Fig-
ures 12–14 describe gait’s transition, landing position of
lifting heel and relation the robot’s position of center of
gravity [CoG] and velocity of CoG relevant to traveling
direction (𝑦𝑦-axis in Σ𝑊𝑊 ).

5. CONCLUSION

In this paper, bipedal walking gait that contains slip-
ping motion was divided into seven phase, and each dy-
namics whose dimension varies according to the state of
supporting-foot was clearly derived through NE Method.
Then, as results of some kinds of simulations, we veri-
fied that each dynamics was correctly calculated and ap-
propriate gait was selected depending on motion of the
robot. We confirmed that the robot walked some steps,
slipped and turned over like human, which can express
the human’s gait with realistic.
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