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Reconfiguration Manipulability
Analyses for Redundant Robots
This paper is concerned with a concept of reconfiguration manipulability inspired from
manipulability. The reconfiguration manipulability represents a shape-changeability of
each intermediate link when a prior end-effector task is given. Through analyses of
reconfiguration matrices, we propose a method to judge whether the plural shape-
changing subtasks can be executed simultaneously or not. Then the sufficient conditions
guaranteeing sustainability of reconfiguration manipulability space are presented, which
are the conditions for keeping the reconfiguration manipulability as high as possible
under the prior end-effector task. Further, we confirm the proposed analyses can be use-
ful practically for evaluating the realistic manipulator’s configurations and structures.
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1 Introduction

KINEMATICALLY redundant manipulators have more DoF than
necessary for accomplishing a given end-effector task. Nowadays,
redundant manipulators are used for various kinds of tasks such as
welding, sealing, grinding, and contact tasks. Many kinematic
researches have used the redundancy to solve the problem of
motion and obstacle avoidance. Up to now, a variety of indices
have been proposed for evaluation of the performance of robot
manipulators. The manipulability [1,2] was presented to indicate
the manipulator’s ability on the view point of how much the
velocity of each link can be generated by normalized joint veloc-
ity as the static performance of the manipulator. Further, Ref. [3]
formulated the relation of the redundancy and the priority order of
multiple tasks. Reference [4] proposed a control method of the re-
dundancy based on priority order of tasks, and pointed out the
effectiveness by actual experiments. The manipulability concept
was used for cooperative arms [5–7] and for dexterous hands [8]
and was used in real-time control [9]. In Ref. [7], the authors pro-
pose a novel method for a finger-arm robot to complete an imped-
ance control by regulating fingers manipulability in a constrained
task. In Ref. [9], a real-time control strategy to optimize control
performance index by using the conjugate gradient method is pre-
sented. But the realizability of reconfiguration subtasks of the
intermediate links is not discussed. In addition, the manipulating
force ellipsoid [10] was presented to evaluate the static torque-
force transmission from the joints to the end-effector, while the
dynamic manipulability ellipsoid [11] was presented as an index
of the dynamic performance of a robot manipulator. In Ref. [12],
a new definition of a dynamic manipulability ellipsoid for redun-
dant manipulators is proposed which leads to more correct results
in evaluating manipulator capabilities in terms of task-space

accelerations. The concept of inertia matching for a serial-link
manipulator [13] was recently proposed as a new index of the
dynamic performance of a manipulator. Then, combining the
dynamic manipulability ellipsoid with the manipulability force
ellipsoid, the inertia matching ellipsoid [14] was proposed to
characterize the dynamic torque-force transmission efficiency.
Dynamic capability equations [15] were provided as a description
of robot acceleration and force capabilities, which refers to a
manipulator’s ability to accelerate its end-effector and to apply
forces to the environment at the end-effector.

In addition, there are many researches about configuration con-
trol of redundant manipulators discussing how to use the redun-
dancy. Within the global methods, a time-optimal control scheme
for kinematically redundant manipulators has been presented to
track a predefined geometric path, subjected to joint torque limits
[16], and kinematic failure tolerance has been analyzed in the
environment with obstacles [17]. In Ref. [18], Ahuactzin and
Gupta have proposed a global method (Kinematic Roadmap) to
find a series of reachable configurations (a feasible path) from a
given initial configuration to goal position based on a concept of
“reachability”. Within the local methods, which controls robot’s
configuration with limited information about environments and so
on, various approaches to obstacle avoidance for redundant
manipulators have been presented [19–22] including real-time
control methods to avoid singular configurations [23].

Above researches indicate that the focuses on research topics
concerning redundant manipulators have been shifted from kine-
matical consideration into combined arguments of kinematics
with dynamics. What we want to emphasize is that they were
based on an implicit assumption that multiple reconfiguration
motions could be realized. Please note that “reconfiguration” in
this paper is used for shape-changing motion of the manipulator,
while the end-effector tracks a predetermined desired pose with
designated dimension. Yet, whatever the choice for the secondary
task, it may not necessarily lead to complete the desired internal
motion, depending on the manipulator’s configuration, even
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though the feasibility of the second or third reconfiguration
subtasks is fully evaluated before execution. Though dozens of
paper have been published on the subject, none of them has yet to
analyze the feasibility of the reconfiguration subtasks.

On the other hand, the mobility of the end-effector can be eval-
uated by manipulability, e.g., Ref. [1] and it represents a kind of
distance from singular configuration of manipulator. Contrarily to
above end-effector’s free motion, there has been no concept to
describe reconfiguration manipulability for the secondary subtasks
with prior end-effector task. We had presented a concept of
the avoidance manipulability ellipsoid as an index evaluating
shape-changeability of the intermediate links [24], while the end-
effector tracks the desired trajectory as shown in Fig. 1(b), which
is inspired from the manipulability concept [1] as shown in
Fig. 1(a). The reconfiguration manipulability ellipsoids are
depicted at the first and third links as partial reconfiguration
manipulability ellipsoids in Fig. 1(b), and at the second link as
complete reconfiguration manipulability ellipsoid, which defines
the reconfiguration space of intermediate links under the prede-
fined end-effector task. What we want to discuss here is how to
guarantee and maintain the expansion of the reconfiguration space
to secure a dimension of the reconfiguration space as high as
possible.

Through analyses of reconfiguration matrix, the reconfiguration
ability has been closely examined, and in this paper we propose:

• Reconfiguration manipulability concept to analyze and mea-
sure shape-changeability of the intermediate links providing
a prior end-effector task is given.

• Through analysis of reconfiguration matrices, whether multi-
ple reconfiguration subtasks can be executed or not, and how
many subtasks are realizable can be judged on-line.

• We confirm the proposed analyses can be useful practically
for evaluating the realistic manipulator’s configurations and
structures.

• The sufficient conditions have been shown that it can prove
mathematically the sustainability of the reconfiguration space
of intermediate links by nonsingular decomposition analyses
of reconfiguration matrices.

Based on the above proposals, the realizability of any reconfi-
guration subtasks commanded by higher motion controller can be
evaluated on-line. On top of it, to enable the realizable reconfigu-
ration subtask space to spread as global as possible, what condi-
tions can guarantee the sustainability of realizable subtask’s space
dimension is important since the conditions can be a criterion to
control manipulator’s configuration to certify and maintain expan-
sion of the reconfiguration manipulability space. All above main
points discussed are exemplified through 4-link and 7-link redun-
dant manipulators. Finally, we discuss that a possible develop-

ment of the proposed reconfiguration manipulability concept for a
humanoid robot that has a primary task to control the head pose to
some object by visual servoing with other subordinate tasks of the
whole body stabilizing to keep standing.

2 Manipulability

2.1 Redundant Manipulator’s Kinematics. Providing
m < n as a redundancy condition discussed in this paper, and
_ri ¼ ½ _pT

iþ1;x
T
i �

T 2 R6 where _piþ1 2 R3 represents linear velocity
of the end of the ith link, xi 2 R3 represents angular velocity of
the ith link, it can be written as

_ri ¼ Ji _qn (1)

Since qi ¼ ½q1;…; qi; 0;…; 0�Tði ¼ 1; 2;…; nÞ; Ji can be
described with zero block matrix

Ji ¼ ½eJi; 0� (2)

When the task space of end-effector’s required motion is less than
6, the dimension of _riðqiÞ has also the same value.

2.2 Manipulability Ellipsoid. Considering a set of tip
velocities _ri of all links being realizable by a set of joint angle
velocities _qi that satisfies an Euclidean norm condition, that is,
k _qik ¼ ð _q2

1 þ _q2
2 þ � � � þ _q2

i Þ
1=2 � 1, then the each tip velocity

shapes an ellipsoid in range space of Ji. These ellipsoids have
been known as “manipulability ellipsoid” [1,2], which are
described as

_rT
i ðJþi Þ

TJþi _ri � 1; _ri 2 RðJiÞ (3)

In (3), Jþi is pseudo-inverse of Ji, and RðJiÞ represents range space
of Ji.

2.3 Manipulability Measure. Representing the volume of
the “manipulability ellipsoid” of the ith link as SMi,
“manipulability measure” SM is defined as

SM ¼
Xn

i¼1

SMi (4)

3 Reconfiguration Manipulability

Here, we assume that the desired end-effector’s trajectory rnd

and the velocity _rnd are given as primary task. Giving i¼ n into
Eq. (1), the desired _rn is denoted by _rnd, then

_rnd ¼ Jn _qn (5)

Fig. 1 Manipulability ellipsoids and reconfiguration manipulability ellipsoids
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Solving _qn in Eq. (5) as

_qn ¼ Jþn _rnd þ ðIn � Jþn JnÞ1l (6)

In above equation, In is n� n unit matrix, and 1l is an arbitrary
vector satisfying 1l 2 Rn. The left superscript “1” of 1l means the
first reconfiguration subtask. In the right side of Eq. (6), the first
term denotes the solution making k _qnk minimize in the null space
of Jn while realizing _rnd. The second term denotes the components
of angular velocities at each joint, which can change the manipu-
lator’s shape regardless with the influence of _rnd given arbitrarily
as end-effector velocity for tracking the desired trajectory. Provid-
ing the first reconfiguration subtask, which is the first demanded
velocity 1 _rid, is given to the ith link by geometric relation of ma-
nipulator and obstacles, shall we discuss realizability of 1 _rid in the
following argument. In this research, 1 _rid is assumed to be com-
manded by an reconfiguration control system of higher level and
1 _rid can be used for general reconfiguration subtask. The relation
of 1 _rid and _rnd is denoted in Eq. (7) by substituting Eq. (6) into
1 _rid ¼ Ji _qn

1 _rid ¼ JiJ
þ
n _rnd þ JiðIn � Jþn JnÞ1l (7)

Here, we define two variables shown as

D1 _rid ¼D 1 _rid � JiJ
þ
n _rnd (8)

and

1Mi ¼
D

JiðIn � Jþn JnÞ (9)

In Eq. (8), D1 _rid is called by “the first reconfiguration velocity”. In
Eq. (9), 1Mi is a m� n matrix called by “the first reconfiguration
matrix”. Then, Eq. (8) can be rewritten as

D1 _rid ¼ 1M1
i l (10)

The relation between 1 _rid and D1 _rid is shown in Fig. 2.
Recipe:
Providing primarily given end-effector task _rnd and the first

reconfiguration subtask of the ith link 1 _rid;D
1 _rid is determined by

Eq. (8). Then the realizability of 1 _rid depends on rankð1MiÞ,
meaning whether D1 _rid has a solution 1l through 1Mi in Eq. (10)
relies on rankð1MiÞ.

3.1 Complete Reconfiguration Manipulability Ellipsoid.
When 1 _rid is given as the desired reconfiguration velocity of the

ith link, according to Eq. (8), we can obtain D1 _rid. However, the
problem is whether we can realize D1 _rid, that is, whether we can
find 1l to realize D1 _rid. From Eq. (10), we can obtain 1l as

1l ¼ 1Mþi D1 _rid þ ðIn �1Mþi
1MiÞ2l (11)

In Eq. (11), 2l is an arbitrary vector satisfying 2l 2 Rn. From
Eq. (11), we can obtain

k1lk2 � D1 _rT
idð

1Mþi Þ
T1

Mþi D1 _rid (12)

Assuming that 1l is restricted as k1lk � 1, then we obtain next
relation

D1 _rT
idð

1Mþi Þ
T 1Mþi D1 _rid � 1; D1 _rid 2 Rð1MiÞ (13)

If rankð1MiÞ ¼ m, Eq. (13) represents an ellipsoid expanding in
m-dimensional space, holding

D1 _rid ¼ 1M1
i Mþi D1 _rid;D

1 _rid 2 Rm (14)

which indicates that D1 _rid can be arbitrarily realized in m-
dimensional space and Eq. (10) always has the solution 1l
corresponding to all D1 _rid 2 Rm. In this way, the ellipsoid rep-
resented by Eq. (13) when rankð1MiÞ ¼ m is named “the first
complete reconfiguration manipulability ellipsoid”, which is
denoted by 1CPi.

3.2 Partial Reconfiguration Manipulability Ellipsoid. If
rankð1MiÞ ¼ p < m;D1 _rid does not value arbitrarily in Rm. In this
case, reduced D1 _rid is denoted as D1 _r�id. Then Eq. (13) is written
as

D1 _r�
T
idð1Mþi Þ

T 1Mþi D1 _r�id � 1;

ðD1 _r�id ¼ 1Mi
1Mþi s; s 2 RmÞ

(15)

Above equation describes an ellipsoid expanded in p-dimensional
space. This ellipsoid is named “the first partial reconfiguration
manipulability ellipsoid,” which is denoted by 1PPi. Because
p < m, the partial reconfiguration manipulability ellipsoid can be
thought as regressed ellipsoid of the complete reconfiguration
manipulability ellipsoid. We call 1Pi as the first reconfiguration
manipulability ellipsoid including both 1CPi and 1PPi.

According to above analysis, we can generalize as follows.
LEMMA 1. The necessary and sufficient condition of Eq. (14)

being held for all D1 _rid 2 Rm is rankð1MiÞ ¼ m.
Proof of Lemma 1. (necessary condition)
According to Eq. (14), when ðIm � 1Mi

1Mþi ÞD1 _rid ¼ 0 holds
for all D1 _rid 2 Rm, it is necessary that 1M1

i Mþi ¼ Im. Then
1Mi 2 Rm�n should be row full rank, that is, rankð1MiÞ ¼ m.

(sufficient condition)
Since rankð1MiÞ ¼ m;1Mi has m nonzero singular values

ðr1; r2;…;rmÞ. Then, 1Mi can be decomposed by 1Mi ¼ UiRiV
T
i ,

where Ui is the m�m unit orthogonal matrix satisfying
UiU

T
i ¼ UT

i Ui ¼ Im;Ri ¼ ðdiagðrkÞj0Þ (k ¼ 1;…;m and rk 6¼ 0)
and Vi is the n� n unit orthogonal matrix satisfying
ViV

T
i ¼ VT

i Vi ¼ In. In addition, 1Mþi ¼ ViRþi UT
i , where

Rþi ¼ ðdiagðr�1
k Þj0Þ

T
(k ¼ 1;…;m and rk 6¼ 0). In this way,

Eq. (14) follows from 1M1
i Mþi ¼ UiRiV

T
i ViRþi UT

i ¼ Im.
LEMMA 2. If rankð1MiÞ ¼ p < m;D1 _rid 2 Rm does not always

satisfy Eq. (14). But the orthogonal projection of D1 _rid onto
Rð1MiÞ, that is, all D1 _r�id 2 Rð1MiÞ can be realized.

Proof of Lemma 2. From “Lemma 1” and relation shown in
Eq. (15), “Lemma 2” is proved.

THEOREM 1. All 1 _rid 2 Rm can be realized for any _rnd being
given primarily as the end-effector task, if and only if
rankð1MiÞ ¼ m.Fig. 2 Obstacle avoidance of intermediate links
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Proof of Theorem 1. From “Lemma 1,” Eqs. (8) and (10),
“Theorem 1” follows.

THEOREM 2. If rankð1MiÞ ¼ p < m, it is not that all 1 _rid 2 Rm

can be realized. But

1 _r]id ¼
D

D1 _r�id þ JiJ
þ
n _rnd (16)

can be realized since D1 _r�id 2 Rð1MiÞ in dimension p, that is 1 _r]id
is contained in the affine space

Rð1MiÞ þ JiJ
þ
n _rnd (17)

whose dimension is also p.
Proof of Theorem 2. From “Lemma 2,” Eqs. (8) and (10),

“Theorem 2” follows.

3.3 Reconfiguration Manipulability Measure. Representing
the volume of the “reconfiguration manipulability ellipsoid” of
the ith link as SRMi, “reconfiguration manipulability measure”
SRM is defined as

SRM ¼
Xn�1

i¼1

SRMi (18)

where SRM is similar with 1E shown in Eq. (16) in Ref. [28]. SRMi

is similar with 1Viai defined in Eqs. (13)–(17) in Ref. [28].

4 Plural Reconfiguration Subtasks

In Sec. 3, we defined the first reconfiguration manipulability
ellipsoid 1Piði ¼ 1;…; n� 1Þ. However, in fact, it may not be
possible that these intermediate links realize their own reconfigu-
ration velocities simultaneously. That is whether D1 _rid and
D1 _rjdði 6¼ jÞ satisfying D1 _rid ¼ 1M1

i l and D1 _rjd ¼ 1M1
j l can be

realized simultaneously is not guaranteed. This section discusses
the multireconfiguration subtasks realization. If the first reconfigu-
ration subtask, that is, the first reconfiguration velocity, D1 _rid or
D1 _r�id has been realized at a certain ith link, we will consider the
possibility to execute the second reconfiguration velocity except
the ith link. Substituting Eq. (11) into Eq. (6), we can obtain

_qn ¼ Jþn _rnd þ ðIn � Jþn JnÞ1Mþi D1 _rid

þ ðIn � Jþn JnÞðIn �1Mþ1
i MiÞ2l (19)

Substituting Eq. (19) into 2 _rjd ¼ Jj _qn, we can obtain

2 _rjd ¼ JjJ
þ
n _rnd þ JjðIn � Jþn JnÞ1Mþi D1 _rid

þ JjðIn � Jþn JnÞðIn �1Mþ1
i MiÞ2l (20)

By defining D2 _rjd and 2Mj as

D2 _rjd ¼D 2 _rjd � JjJ
þ
n _rnd � JjðIn � Jþn JnÞ1Mþi D1 _rid (21)

and

2Mj ¼D JjðIn � Jþn JnÞðIn �1Mþ1
i MiÞ (22)

we can obtain

D2 _rjd ¼2 M2
j l (23)

The forms of Eqs. (23) and (10) are similar. Therefore, the analy-
sis method of the second reconfiguration manipulability ellipsoid
2Pjðj ¼ 1;…; n� 1; fj 6¼ igÞ and the first reconfiguration manipu-
lability ellipsoid 1Pi are also similar. In other words, whether the

second reconfiguration subtask can be realized or not depends on
the rank value of second matrix 2Mjðj ¼ 1;…; n� 1; fj 6¼ igÞ. If
rankð2MjÞ 6¼ 0, the second subtask can be realized partially at
least. If rankð2MjÞ ¼ 0, the second reconfiguration subtask cannot
be realized. Similarly, we can judge whether the third subtask can
be realized or not by the third reconfiguration matrix 3Mk as

3Mk ¼D JkðIn � Jþn JnÞðIn � 1Mþi
1MiÞðIn � 2Mþj

2MjÞ;
ðk ¼ 1;…; n� 1; fk 6¼ ig \ fk 6¼ jg \ fi 6¼ jgÞ (24)

According to above analyses for 1Mi;
2Mj, and 3Mk, the realizabil-

ity of the fourth or more subtasks can be judged in a same
manner.

Here, we show judgment sequence by a flow chart shown in
Fig. 3 when b reconfiguration subtasks are demanded. i denotes
the number of link, a(a ¼ 1; 2;…;b) denotes the priority order of
reconfiguration subtasks, a _rid means the arbitrarily demanded
reconfiguration velocity for the ith link as the ath reconfiguration
subtask. According to Fig. 3, whether the arbitrary a _rid and the
end-effector velocity _rnd are both realized or not can be judged
through Da _rid recurrently.

5 Analysis of rankð1MiÞ
Maintaining rankð1MiÞ of intermediate links to be as high as

possible is the essential requirement for configuration control to
optimize manipulator’s shape in view of high reconfiguration
manipulability. And it is the first step to design an on-line control
system of a redundant manipulator with high shape-changeability
based on reconfiguration manipulability. We want to stress here
previous researches have not paid attention to how to guarantee
rankð1MiÞ to assure the required avoiding task to be realizable. In
fact, a similar concept of 1Mi had initially been defined and used
for controlling the redundant manipulator’s configuration based
on prioritized multiple tasks [25]. However, the proposed control-
ler in Ref. [25] do not concern the possibility that the range space
of 1Mi could be reduced by singular configuration and it cannot
decouple the interacting motions of multiple tasks even though
the redundant degree be much higher than the required motion
degree of the multiple tasks. Even in our previous researches
about avoidance manipulability optimization [26] and on-line
control system [27,28] of a redundant manipulator, we did not
guarantee the sustainability of the range space of 1Mi. In this

Fig. 3 Flow chart of judgment of reconfiguration possibility
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section, we will propose three assumptions named as “Practical
Configuration Assumption,” “Nonsingular Configuration
Assumption” and “Full-Nonsingular Configuration Assumption,”
they can provide a configuration control criterion as primary con-
trol objective to keep the shape-changeability by avoiding singular
configuration.

5.1 Mathematical Descriptions

5.1.1 Mathematical Definitions. When rankðJnÞ ¼ m; Jn can
be decomposed by

Jn ¼ URVT (25)

and Jþn can be decomposed by

Jþn ¼ VRþUT (26)

In Eqs. (25) and (26), U is m�m orthogonal matrix satisfying
UUT ¼ UTU ¼ Im, V is n� n orthogonal matrix satisfying
VVT ¼ VTV ¼ In;R is m� n matrix, which includes a diagonal
matrix composing of m nonzero singular values of Jn and the rest
parts are all zero elements. Rþ is n�m matrix.

Generally, V can be defined with column vectors
v̂iði ¼ 1; 2;…; nÞ by

V ¼ ½v̂1; v̂2;…; v̂n� (27)

V can be redefined with row vectors �vi ði ¼ 1; 2;…; nÞ by

V ¼

�v1

�v2

..

.

�vn

266664
377775 (28)

In addition, we know that Jn can be also decomposed by

Jn ¼ UmRmVT
m (29)

and Jþn can be decomposed by

Jþn ¼ VmRþmUT
m (30)

In Eqs. (29) and (30), Um is m�m matrix satisfying

UmUT
m ¼ UT

mUm ¼ Im;V
T
m is m� n matrix satisfying VT

mVm

¼ Im;Rm is m�m matrix, which is a diagonal matrix including m
nonzero singular values of Jn. Rþm is also m�m diagonal matrix.

According to above discussion, we can clearly obtain the rela-
tions of U and Um, V and Vm;R and Rm;Rþ and Rþm as

U ¼ Um

V ¼ Vm; Vn�m½ �
R ¼ Rm; 0½ �

Rþ ¼
Rþm
0

� �
8>>>>>><>>>>>>:

(31)

In above equation, Vm is defined using first m column vectors
v̂j ðj ¼ 1; 2;…;mÞ in Eq. (27) as

Vm ¼ ½v̂1;…; v̂m� (32)

where Vm is redefined referring to row vectors �vi ði ¼ 1; 2;…; nÞ
in Eq. (28) as

Vm ¼

�v1;m

..

.

�vn;m

2664
3775 (33)

where Vn�m is the rest block part of V except Vm. So, Vn�m can be
denoted using column vectors v̂j ðj ¼ mþ 1;…; nÞ in Eq. (27) as

Vn�m ¼ v̂mþ1;…; v̂n½ � (34)

where Vn�m can be redenoted referring to row vectors
�vi ði ¼ 1; 2;…; nÞ in Eq. (28) as

Vn�m ¼
�v1;ðn�mÞ

..

.

�vn;ðn�mÞ

264
375 (35)

We can divide Vn�m as

Vn�m ¼
Vi;ðn�mÞ

Vðn�iÞ;ðn�mÞ

� �
(36)

In Eq. (36), Vi;ðn�mÞ is

Vi;ðn�mÞ ¼
�v1;ðn�mÞ

..

.

�vi;ðn�mÞ

264
375 (37)

and Vðn�iÞ;ðn�mÞ is

Vðn�iÞ;ðn�mÞ ¼
�vðiþ1Þ;ðn�mÞ

..

.

�vn;ðn�mÞ

264
375 (38)

Then, if we divide Vm into two block matrices (Vðn�mÞ;m and
Vm;m) and divide Vn�m into two block matrices (Vðn�mÞ;ðn�mÞ and
Vm;ðn�mÞ). Therefore, V can be redenoted by

V ¼ ½Vm;Vn�m�

¼
Vðn�mÞ;m Vðn�mÞ;ðn�mÞ

Vm;m Vm;ðn�mÞ

" #
(39)

5.1.2 The First Reconfiguration Matrix. Here, we have
defined the first reconfiguration matrix 1Mi ði ¼ 1; 2;…; n� 1Þ as
(9). Here, 1Mi is redefined as

1Mi ¼ JiLn (40)

where

Ln ¼ In � Jþn Jn (41)

5.1.3 Decomposition of Ln. If rankðJnÞ ¼ m. Then, according
to Eqs. (25) and (26) and referring to Eq. (39), Ln can be decom-
posed by

Ln ¼ Vn�mVT
n�m (42)

In above equation, because rankðVn�mÞ ¼ rankðVT
n�mÞ ¼ n� m,

we can obtain
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rankðLnÞ ¼ n� m (43)

The above decomposition of Ln is a preparation for the decompo-
sition of 1Mi, following in Sec. 5.2.

5.2 Description of rankð1MiÞ. Proofs of “Propositions,”
“Lemmas,” “Theorems,” and “Corollaries” in this subsection
are all given in “Appendix”.

PROPOSITION a. rankð1MnÞ ¼ 0, since 1Mn ¼ 0.
This means that the end-effector of the manipulator does not

possess the reconfiguration manipulability.
PROPOSITION b. When 1 � i � n� 1, according to Eqs. (2),

(36), and (42), 1Mi can be decomposed as

1Mi ¼ ~JiVi;ðn�mÞV
T
n�m (44)

which leads to

rankð~JiÞ þ rankðVi;ðn�mÞÞ � i � rankð1MiÞ
� minfrankð~JiÞ; rankðVi;ðn�mÞÞ; n� mg (45)

Here, we give the definition of matrix Ja!b
i (1 � i � n and

1 � a � b � n). From Eq. (2), we know that Ji is a m� n matrix
composed of column vectors ejij ð1 � j � iÞ and 0 as

Ji ¼ ½ eji1;…; ejii; 0� (46)

then, Ja!b
i is a m� ðb� aþ 1Þ matrix, which only includes the

ath to the bth column vectors of Ji as

Ja!b
i ¼ ½ ejia;…; ejib� (47)

In this way, Jn�mþ1!n
n represents a block matrix comprising the

last m column vectors of Jn.
LEMMA a. Assuming rankðJn�mþ1!n

n Þ ¼ m, we have

rankðVi;ðn�mÞÞ ¼ minfi; n� mg; ð1 � i � nÞ (48)

rankðJiÞ ¼ minfi;mg means that if i < m the configuration of the
1st link to ith link is nonsingular, and if i � m the configuration of
the 1st link to ith link is nonsingular in the sense that the configu-
ration is available for the ith link to achieve a motion in m dimen-
sion space.

5.2.1 The Practical Configuration Assumption. According to
“Lemma a” and “Proposition b,” we obtain the next theorem.

THEOREM a. Giving the practical configuration assumption for
any manipulator as

ðaÞ: rankðJn
n�mþ1!nÞ ¼ m

ðbiÞ: rankðJiÞ ¼ pi; ði ¼ 1; 2;…; n� 1Þ

�
(49)

with pi 2 f0; 1;…;mg, we have

pi þminfi; n� mg � i � rankð1MiÞ � minfpi; i; n� mg (50)

The assumption (a) in Eq. (49) represents that the configuration
from the (n – m)th link to the nth link is nonsingular. The next
assumption (bi) is affected by many factors such as the structure
of manipulator, variables choice of end-effector task and manipu-
lator’s configuration and so on, so rankðJiÞ is given by an unspeci-
fied value pi to make the assumption be practical. For verifying
the practicality of concept of reconfiguration manipulability,
here we use our original robot named “PA11” to evaluate reconfi-
guration manipulability ellipsoid. “PA11” is a 7-link redundant
manipulator (n¼ 7) and its end-effector can execute the task in
three-dimensional position space (m¼ 3). The structure of
“PA11” is shown in Fig. 4, where all joints are rotational and their
rotational directions are given by z-axis of each link coordinate zi.
Considering the structure of “PA11”, and assuming that the
end-effector of “PA11” executes the task in three-dimensional
position space, that is pi ¼ ½x; y; z�T . When “PA11” is set by
q1 ¼ 0 deg; q2 ¼ �90 deg; q3 ¼ 0 deg; q4 ¼ 90 deg; q5 ¼ 0 deg;
q6 ¼ �90 deg; and q7 ¼ 90 deg shown in Fig. 5(a), we can sim-
ply find that the conditions in Eq. (49) given as

rankðJ7
5!7Þ ¼ 3

rankðJ1Þ ¼ 0

rankðJ2Þ ¼ rankðJ3Þ ¼ 2

rankðJ4Þ ¼ rankðJ5Þ ¼ rankðJ6Þ ¼ 3

8>><>>: (51)

with

J7
5!7 ¼

0 0:1 0:1
�0:3 0 0

0 0:3 0

24 35 (52)

Substituting Eq. (51) into Eq. (50), we can obtain

rankð1M1Þ ¼ 0

rankð1M2Þ ¼ rankð1M3Þ ¼ 2

rankð1M4Þ ¼ 3

2 � rankð1M5Þ � 3; 1 � rankð1M6Þ � 3

8>><>>: (53)

Fig. 4 Structure of PA11

Fig. 5 Shape 1 of PA11 and reconfiguration manipulability
ellipsoids (q1 5 0 deg; q2 5 � 90 deg; q3 5 0 deg; q4 5 90 deg;
q5 5 0 deg; q6 5 � 90 deg; q7 5 90 deg; l0 5 0:2 m; l1 5 0:115 m;
l2 5 0:315 m; l3 5 0:135 m; l4 5 0:261 m; l5 5 0:239 m; l6 5 0:3 m;
l7 5 0:1 m)
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On the other hand, from Eq. (9) we can calculate

rankð1M1Þ ¼ 0

rankð1M2Þ ¼ rankð1M3Þ ¼ 2

rankð1M4Þ ¼ 3

rankð1M5Þ ¼ 3; rankð1M6Þ ¼ 2

8>>><>>>: (54)

In Eq. (54), rankð1M1Þ; rankð1M2Þ; rankð1M3Þ, and rankð1M4Þ
are completely coincide with Eq. (53), rankð1M5Þ and rankð1M6Þ
are in the extent of Eq. (53).

The reconfiguration manipulability ellipsoids given by Eq. (13)
or Eq. (15) are shown in Fig. 5(b), where the 1st link does not
possess the reconfiguration manipulability since rankð1M1Þ ¼ 0.
The 2nd and 3rd links possess the reconfiguration manipulability
in two-dimensional position space since rankð1M3Þ ¼ rankð1M4Þ
¼ 2 in Eq. (54), the ellipsoids are vertical with the principal axes
of the 2nd link and 3rd link, respectively, here please note that the
ellipsoid of the 3rd link is somewhat larger than the ellipsoid of
the 2nd link because of influence of the length of the 3rd link, that
is l3. The 4th and 5th links possess the reconfiguration manipula-
bility in three-dimensional position space since rankð1M4Þ ¼ 3
and rankð1M5Þ ¼ 3, the 6th link possesses the reconfiguration
manipulability in two-dimensional position space since
rankð1M7Þ ¼ 2, which is vertical with the 7th link. These results
prove the consistency between “Theorem a” and practice.

When we change the shape of “PA11” with the same structure and
link length. For example, the shape is changed into q1¼ 0 deg;
q2¼�120 deg;q3¼ 0 deg;q4¼ 120 deg;q5¼ 0 deg;q6¼�120 deg;
q7¼ 120 deg and q1¼ 0 deg;q2¼�40 deg;q3¼ 0 deg;q4¼ 40 deg;
q5¼ 0 deg;q6¼�40 deg;q7¼ 40 deg, we can find the area or
volume of all ellipsoids shown in Figs. 6 and 7 decrease. Above
discussions are how the manipulator’s configuration affect the recon-
figuration manipulability.

Next, we will discuss the reconfiguration manipulability by
changing the manipulator’s structure as a parameter. When we
change the structure of “PA11” in length of links. For example, l7
is increased into 0.3 m from 0.1 m, or l6 is increased into 0.5 m
from 0.3 m, or l4 is increased into 0.561 m from 0.261 m, or l2 is
increased into 0.615 m from 0.315 m, the area and volume of the
all ellipsoids will become large, which are shown in Figs. 8, 10,
12, and 14, respectively. On the contrary, when l7 is decreased
into 0.05 m from 0.1 m, or l6 is decreased into 0.1 m from 0.3 m,
or l4 is decreased into 0.161 m from 0.261 m, or l2 is decreased
into 0.115 m from 0.315 m, the area and volume of the all ellip-
soids will become small, which are shown in Figs. 9, 11, 13, and
15, respectively. In addition, from Figs. 16 and 17, we can find the
change of l0 will not affect the ellipsoids. Figures 5–17 represent
how the structure affects the area and volume of ellipsoids. Here,
please note that the changes of shape and structure shown from
Figs. 5–17 are under the configuration given by Eq. (51). By cal-
culations, their ellipsoids are completely coincide with Eq. (54).

However, as shown in Fig. 18 q1 ¼ 0 deg; q2 ¼ �90 deg;
q3 ¼ 0 deg; q4 ¼ 90 deg; q5 ¼ 0 deg; q6 ¼ �90 deg; q7 ¼ 0 deg,
when the assumption (a) in Eq. (49) does not be satisfied such as
rankðJ7

5!7Þ ¼ 2 with

Fig. 6 Shape 2 of PA11 and reconfiguration manipulability
ellipsoids (q1 5 0 deg; q2 5 � 120 deg; q3 5 0 deg; q4 5 deg;
q5 5 0 deg;q6 5 � 120 deg;q7 5 120 deg; l0 5 0:2 m; l1 5 0:115 m;
l2 5 0:315 m; l3 5 0:135 m; l4 5 0:261 m; l5 5 0:239 m; l6 5 0:3 m;
l7 5 0:1 m)

Fig. 7 Shape 3 of PA11 and reconfiguration manipulability
ellipsoids (q1 5 0 deg; q2 5 �40 deg; q3 5 0 deg; q4 5 40 deg;
q5 5 0 deg; q6 5 �40 deg; q7 5 40 deg; l0 5 0:2 m; l1 5 0:115 m;
l2 5 0:315 m; l3 5 0:135 m; l4 5 0:261 m; l5 5 0:239 m; l6 5 0:3 m;
l7 5 0:1 m)

Fig. 8 Shape 4 of PA11 and reconfiguration manipulability
ellipsoids (q1 5 0 deg; q2 5 � 90 deg; q3 5 0 deg; q4 5 90 deg;
q5 5 0 deg; q6 5 � 90 deg; q7 5 90 deg; l0 5 0:2 m; l1 5 0:115 m;
l2 5 0:315 m; l3 5 0:135 m; l4 5 0:261 m; l5 5 0:239 m; l6 5 0:3 m;
l7 5 0:3 m)

Fig. 9 Shape 5 of PA11 and reconfiguration manipulability
ellipsoids (q1 5 0 deg; q2 5 � 90 deg; q3 5 0 deg; q4 5 90 deg;
q5 5 0 deg; q6 5 � 90 deg; q7 5 90 deg; l0 5 0:2 m; l1 5 0:115 m;
l2 5 0:315 m; l3 5 0:135 m; l4 5 0:261 m; l5 5 0:239 m; l6 5 0:3 m;
l7 5 0:05 m)
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J7
5!7 ¼

0 0 0

�0:4 0 0

0 0:4 0:1

24 35 (55)

we can find the 4th link only possesses the reconfiguration
manipulability in two-dimensional position space, that is

rankð1M4Þ ¼ 2. This case shows the necessity of the assumption
(a) to assure the results of “Theorem a.”

5.2.2 The Nonsingular Configuration Assumption. “Theorem
a” is to include realistic situation into the assumptions as ðbiÞ,
here we want to make the assumptions ideal for guaranteeing
higher reconfiguration manipulability.

THEOREM b. Let i be arbitrarily fixed such that 1 � i � n� 1.
Giving the nonsingular configuration assumption as

Fig. 10 Shape 6 of PA11 and reconfiguration manipulability
ellipsoids (q1 5 0 deg; q2 5 � 90 deg; q3 5 0 deg; q4 5 90 deg;
q5 5 0 deg; q6 5 � 90 deg; q7 5 90 deg; l0 5 0:2 m; l1 5 0:115 m;
l2 5 0:315 m; l3 5 0:135 m; l4 5 0:261 m; l5 5 0:239 m; l6 5 0:5 m;
l7 5 0:1 m)

Fig. 12 Shape 8 of PA11 and reconfiguration manipulability
ellipsoids (q1 5 0 deg; q2 5 � 90 deg; q3 5 0 deg; q4 5 90 deg;
q5 5 0 deg; q6 5 � 90 deg; q7 5 90 deg; l0 5 0:2 m; l1 5 0:115 m;
l2 5 0:315 m; l3 5 0:135 m; l4 5 0:561 m; l5 5 0:239 m; l6 5 0:3 m;
l7 5 0:1 m)

Fig. 14 Shape 10 of PA11 and reconfiguration manipulability
ellipsoids (q1 5 0 deg; q2 5 � 90 deg; q3 5 0 deg; q4 5 90 deg;
q5 5 0 deg; q6 5 � 90 deg; q7 5 90 deg; l0 5 0:2 m; l1 5 0:115 m;
l2 5 0:615 m; l3 5 0:135 m; l4 5 0:261 m; l5 5 0:239 m; l6 5 0:3 m;
l7 5 0:1 m)

Fig. 11 Shape 7 of PA11 and reconfiguration manipulability
ellipsoids (q1 5 0 deg; q2 5 � 90 deg; q3 5 0 deg; q4 5 90 deg;
q5 5 0 deg; q6 5 � 90 deg; q7 5 90 deg; l0 5 0:2 m; l1 5 0:115 m;
l2 5 0:315 m; l3 5 0:135 m; l4 5 0:261 m; l5 5 0:239 m; l6 5 0:1 m;
l7 5 0:1 m)

Fig. 13 Shape 9 of PA11 and reconfiguration manipulability
ellipsoids (q1 5 0 deg;q2 5 � 90 deg;q3 5 0 deg;q4 5 90 deg;
q5 5 0 deg; q6 5 � 90 deg; q7 5 90deg; l0 5 0:2 m; l1 5 0:115 m;
l2 5 0:315 m; l3 5 0:135 m; l4 5 0:161 m; l5 5 0:239 m; l6 5 0:3 m;
l7 5 0:1 m)

Fig. 15 Shape 11 of PA11 and reconfiguration manipulability
ellipsoids (q1 5 0 deg; q2 5 � 90 deg; q3 5 0 deg; q4 5 90 deg;
q5 5 0 deg; q6 5 � 90 deg; q7 5 90 deg; l0 5 0:2 m; l1 5 0:115 m;
l2 5 0:115 m; l3 5 0:135 m; l4 5 0:261 m; l5 5 0:239 m; l6 5 0:3 m;
l7 5 0:1 m)
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ðaÞ: rankðJn
n�mþ1!nÞ ¼ m

ðbiÞ: rankðJiÞ ¼ minfi;mg

�
(56)

Then according to “Theorem a”, if n � 2m

rankð1MiÞ ¼
ið1 � i < mÞ

mðm � i � n� mÞ
n� i 	 mðn� m < i � n� 1Þ

8><>: (57)

If m < n < 2m

rankð1MiÞ ¼
ið1 � i < n� mÞ

n� mðn� m � i � mÞ
n� i 	 n� mðm < i � n� 1Þ

8><>: (58)

Here, please note that the above assumption just declares
rankðJn

n�mþ1!nÞ and rankðJiÞ, which indicates the
rankðJpÞðp 6¼ iÞ does not explicitly relate to rankð1MiÞ. Along to
this consideration, we name the second assumption as ðbiÞ, which
only concerns directly with kinematics from the base link to the
ith link as shown in Fig. 19(a).

5.2.3 The Full-Nonsingular Configuration Assumption.
Following the previous assumption in “Theorem b,” we want to

pursue further full ideal assumptions to enlarge the reconfigura-
tion manipulability to be maximum.

THEOREM c. Given the full-nonsingular configuration assump-
tion as

rankðJi
�!�þm�1Þ ¼ minfi;mg;

ðall i satisfying 1 � i � n; � ¼ maxfi� mþ 1; 1gÞ
(59)

the results Eqs. (57) and (58) are guaranteed.

Fig. 16 Shape 12 of PA11 and reconfiguration manipulability
ellipsoids (q1 5 0 deg; q2 5 � 90 deg; q3 5 0 deg; q4 5 90 deg;
q5 5 0 deg; q6 5 � 90 deg; q7 5 90 deg; l0 5 0:5 m; l1 5 0:115 m;
l2 5 0:315 m; l3 5 0:135 m; l4 5 0:261 m; l5 5 0:239 m; l6 5 0:3 m;
l7 5 0:1 m)

Fig. 17 Shape 13 of PA11 and reconfiguration manipulability
ellipsoids (q1 5 0 deg; q2 5 � 90 deg; q3 5 0 deg; q4 5 90 deg;
q5 5 0 deg; q6 5 � 90 deg; q7 5 90 deg; l0 5 0:1 m; l1 5 0:115 m;
l2 5 0:315 m; l3 5 0:135 m; l4 5 0:261 m; l5 5 0:239 m; l6 5 0:3 m;
l7 5 0:1 m)

Fig. 18 Shape 14 of PA11 and reconfiguration manipulability
ellipsoids (q1 5 0 deg; q2 5 � 90 deg; q3 5 0 deg; q4 5 90 deg;
q5 5 0 deg; q6 5 � 90 deg; q7 5 0 deg; l0 5 0:2 m; l1 5 0:115 m;
l2 5 0:315 m; l3 5 0:135 m; l4 5 0:261 m; l5 5 0:239 m; l6 5 0:3 m;
l7 5 0:1 m)

Fig. 19 Structure descriptions of two assumptions in two-
dimensional space
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This means all possible partial configuration constituted by suc-
cessive m links should be non-singular. The structure description
of “Full-Nonsingular Configuration Assumption” is shown in
Fig. 19(b). Because Eq. (59) includes Eq. (56), the results
Eqs. (57) and (58) can be guaranteed.

Both the “Nonsingular Configuration Assumption” and “Full-
Non-Singular Configuration Assumption” can guarantee Eqs. (57)
and (58) from mathematical viewpoint. If we compare them from
robotic viewpoint, on the one hand, the former is lower than the
latter in the consideration of restriction degree of assumptions
themselves. On the other hand, the former is wider than the
latter in the consideration of their availability. However given
multiple reconfiguration subtasks, the configuration complying
full-nonsingular configuration assumption can keep higher recon-
figuration manipulability for multiple reconfiguration subtasks
since “Nonsingular Configuration Assumption” allows singular
configuration in the “free area” of intermediate links depicted in
Fig. 19(a), which reduces reconfiguration ability for further
subtasks.

5.3 Judgment of Stoppage Possibility. For intermediate
links, the simplest reconfiguration behavior is stop. This stopping-
avoiding strategy will be exemplified in Sec. 6.2 with 7-link
manipulator as shown in Fig. 26.

COROLLARY a. Assumming the first reconfiguration subtask 1 _rid

in Eq. (8) is given as 1 _rid ¼ 0, that is D1 _rid ¼ �JiJ
þ
n _rnd. Then for

all _rnd 2 Rm, admits 1l 2 Rn such that D1 _rid ¼ 1M1
i l if and only if

JiJ
þ
n ¼ 1Mi

1Mþi JiJ
þ
n (60)

If we consider the case of n� m < i � n, the number of
remaining links, i.e., from (n – mþ 1)th link to nth link, is m – 1
and the dimensional number being realized by remaining links is
less than m. Then, the realizable DoF of the remaining links
becomes insufficient to keep the desired end-effector trajectory
_rnd in m-dimensional space. So, discussing the stopping possibility
of links within n� m < i � n is out of the extent of prerequisite
condition of arbitrarily given end-effector trajectory rnd and _rnd.
Hence, here we think that the intermediate links satisfying
1 � i � n� m are possible to be stopped. Referring to the exam-
ple of Fig. 26, we can find that only the links, the 1st to the 5th,
can be stopped when the task of the end-effector has been given
primarily. This result is consistent with “Corollary a,” only when
1 � i � 5, Eq. (60) holds.

COROLLARY b. As for redundant manipulator, assuming “Non-
Singular Configuration Assumption” or “Full-Nonsingular Con-
figuration Assumption” for all i satisfying 1 � i � n� m. Then

the intermediate links satisfying 1 � i � n� m can be stopped as
the simplest reconfiguration behavior while the end-effector of the
manipulator tracks the desired trajectory.

6 Examples

6.1 A Comparison of Manipulability Ellipsoid and
Reconfiguration Manipulability Ellipsoid. Taking a 4-link
redundant manipulator (n¼ 4) in two-dimensional space
(m ¼ mp ¼ 2) for example shown in Fig. 20. The definition of the
kinematics of the manipulators used in this section follows the
example shown in page 250 of Ref. [29] written by Yoshikawa. The
origin of the working coordinate system Rw is fixed at the root of the
first link. The joint angles, qi (i¼ 1, 2, 3, 4 and unit is deg), are
denoted along each rotational axis as counterclockwise direction is
positive. All links are 0.25 in length (i¼ 1, 2, 3, 4, and unit is m).

To realize the given position of the end-effector at r4d ¼ ð0:6; 0:3Þ,
the joint angles are chosen to be q1 ¼ 80 deg; q2 ¼ �30 deg;
q3 ¼ �36 deg, and q4 ¼ �66 deg, respectively, as a possible
choice. In this given configuration, the manipulability ellipsoids
and the reconfiguration manipulability ellipsoids are shown in
Figs. 21 and 22, respectively. From Fig. 21, we can find that the
size of manipulability ellipsoids becomes bigger and bigger as the
link order increases. However, from Fig. 22, the reconfiguration
manipulability ellipsoids corresponding to the first and the third
links (1PP1 and 1PP3) are denoted by two segments, which are
partial reconfiguration manipulability ellipsoids represented by
Eq. (15), meaning the first link and the third link can generate
reconfiguration velocity along only one direction being vertical
with the first link and the fourth link, respectively. The reconfigura-
tion manipulability ellipsoid corresponding to the second link
(1CP2) is complete reconfiguration manipulability ellipsoids
denoted in Eq. (13) on the condition of rankð1M2Þ ¼ 2. From the
shape of reconfiguration manipulability ellipsoid 1CP2, the longer
main axis of 1CP2 means the direction along which the second link
can generate the highest reconfiguration velocity, the shorter main
axis of 1CP2 means the direction along which the link generates the
smallest velocity.

From Fig. 22, we can find that the size of the reconfiguration
manipulability ellipsoids spreads from the manipulator’s base,
also spreading reversely from the end-effector to the base, which
results in an improved reconfiguration manipulability for joints
which are more or less the middle of the kinematic chain. The
redundant manipulator in the plane will always have degenerated
ellipsoids 1PP1 and 1PPn�1. Moreover, by comparing Fig. 21 with
Fig. 22, it is clear that the size of each avoidance manipulability
ellipsoid in Fig. 21 is smaller than the corresponding size of
manipulability ellipsoid in Fig. 22 because the singular values of
1Mi are smaller than the ones of Ji.

If the end-effector of the manipulator r4d is designated at three
different positions on the x-axis, as (0.3, 0.0), (0.6, 0.0), and
(0.9, 0.0). The initial configuration of manipulator is that

Fig. 20 4-link manipulator in two-dimensional space

Fig. 21 Manipulability ellipsoids
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q1 ¼ 100 deg; q2 ¼ �60 deg; q3 ¼ �80 deg; and q4 ¼ �60 deg.
Figures 23 and 24 show the manipulability ellipsoids and the
reconfiguration manipulability ellipsoids of the second link when
the end-effector of the manipulator is fixed at these three different
positions, respectively. By comparing Fig. 23 with Fig. 24, we can
see that the size of manipulability ellipsoid does not change so
much, adversely, the size of reconfiguration manipulability ellip-
soid changes remarkably. We evaluate the manipulability measure
and the reconfiguration manipulability measure by the sum of
their ellipsoid areas. Figure 25 shows the changes of manipulabil-
ity measure SM2 in Eq. (4) and reconfiguration manipulability
measure SRM2 in Eq. (18) of the second link, while the end-
effector of the manipulator changes from (0.0, 0.0) to (1.0, 0.0) in
x-axis. Please note that manipulability measure and reconfigura-
tion manipulability measure are evaluated by the area of manipu-
lability ellipsoid and reconfiguration manipulability ellipsoid.
From Fig. 25, we find that the second link can keep the high
manipulability measure in the whole moving extent. However, the
reconfiguration manipulability measure of the second link
decreases quickly as the end-effector of the manipulator is far
away the root of the first link, which indicates that it is better to
make the end-effector of the manipulator do something such as
trajectory tracking or obstacle avoidance near the root of the first
link for keep higher reconfiguration manipulability.

6.2 Stoppage of Intermediate Links. Figures 26 and 27
show the change processes of the reconfiguration manipulability
ellipsoids when a 7-link manipulator tracks the desired trajectory
and avoids a circular obstacle in two-dimensional space.
The initial configuration is that q1 ¼ 90 deg; q2 ¼ �30 deg;
q3 ¼ �30 deg; q4 ¼ �30 deg; q5 ¼ �30 deg; and q6 ¼ �30 deg
and q7 ¼ �30 deg, where this initial configuration satisfies
“Full-Non-Singular Configuration Assumption” given by

Eq. (59). All links are 0.2 in length (i ¼ 1;…; 7). The shape of ob-
stacle is a circle with radius of r¼ 0.19 m shown in Fig. 26, the
center of obstacle is fixed at (0.25, 0.10). In Fig. 27, the center of
obstacle is fixed at (0.31, 0.25). In the process of trajectory track-
ing of the end-effector, the ith link will be stopped (the demanded
reconfiguration velocity is zero discussed in Sec. 5.3) for avoiding
the collision with the obstacle once the distance between the tip of
the ith link ri and the center of the obstacle is less than 1.25 r.

From Fig. 26, in the process of trajectory tracking and obstacle
avoidance, the tip of the first link is stopped when it nears the ob-
stacle, that is to say, the first demanded reconfiguration velocity
1 _rd1 ¼ 0 is realized (the first reconfiguration subtask is finished).
Then, the size of the second reconfiguration manipulability ellip-
soids changes after finishing the first reconfiguration subtask. The
second reconfiguration manipulability ellipsoid of the second link
becomes a segment, and the others become smaller. In this way,
the manipulator can execute the second (2 _rd2 ¼ 0), third
(3 _rd3 ¼ 0), fourth (4 _rd4 ¼ 0), and fifth demanded reconfiguration
subtasks (5 _rd5 ¼ 0) in sequence. The changed reconfiguration
manipulability ellipsoids become segment or smaller after finish-
ing the current reconfiguration subtask. Finally, the manipulator
finishes the desired trajectory tracking and obstacle avoidance,
however, the reconfiguration ability of whole manipulator disap-
pears and it cannot continue to track trajectory and avoid obstacle
simultaneously after these five demanded reconfiguration subtasks
have been realized because redundancy has disappeared. This spe-
cific example in Fig. 26 just verifies “Corollary b”.

In Fig. 27, in the process of trajectory tracking and obstacle
avoidance, the first reconfiguration subtask (1 _rd3 ¼ 0) is given to
the tip of the third link. After finishing this first reconfiguration
subtask, the second reconfiguration manipulability ellipsoids

Fig. 24 Reconfiguration manipulability ellipsoid of the second
link

Fig. 25 Manipulability measure/reconfiguration manipulability
measure

Fig. 23 Manipulability ellipsoid of the second link

Fig. 22 Reconfiguration manipulability ellipsoids
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become smaller, especially, the second reconfiguration manipula-
bility ellipsoids of the second and fourth links become segments.
Then, the second and third reconfiguration subtasks are given to
the fourth and fifth links respectively, that is, 2 _rd4 ¼ 0 and
3 _rd5 ¼ 0. Finally, the manipulator finishes the desired trajectory
tracking and obstacle avoidance, it cannot continue to track trajec-
tory and avoid obstacle simultaneously after these three reconfigu-
ration subtasks are finished. However, the first and second links
still possess the reconfiguration ability in Fig. 27. This is the dif-
ference between Figs. 26 and 27. These results are consistent with
“Corollary a” and “Corollary b”.

7 Discussion

Here, we will conceptually introduce the reconfiguration
manipulability into the application of humanoid robot as an

example. As shown in Fig. 28, there is a humanoid robot with vis-
ual servoing system. The whole body of this humanoid robot,
from the foots to the head, can be described by a redundant ma-
nipulator. The foots touch the ground and are fixed at the base
coordinate. The head may be thought to represent the end-effector
of the redundant manipulator. Especially, the robot’s eyes are
used as visual servoing system by installing a camera or several
ones. Humanoid robot mainly has two kinds of tasks. On the one
hand, visual servoing system is used for executing the prior end-
effector task, by which the camera can on-line track some moving
target to keep its head’s pose as required. On the other hand, some
appropriate shape-adjustments of the body by controlling the
motion of the intermediate links for keeping the stability of
humanoid robot are thought to be reconfiguration subtasks.

According to above discussion, the possibility of stabilizing
control as the secondary subtasks can be described in the

Fig. 27 Stoppage operation process 2

Fig. 26 Stoppage operation process 1
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reconfiguration space and restricted strictly in the range space
of 1Mi, which is the main result of this research. Therefore,
based on the sufficient conditions to keep the expansion of the
reconfiguration space, the dimension of the stabilizing motion
of the humanoid robot can be maintained by “Non-Singular
Configuration Assumption” or “Full-Non-Singular Configuration
Assumption,” since it guarantees the sustainability of stabilizing
motion.

8 Conclusion

In this paper, we proposed reconfiguration manipulability con-
cept to measure shape-changeability of the intermediate links pro-
viding a prior end-effector task is given. Through analyses of
multiple reconfiguration matrices, whether multiple reconfigura-
tion subtasks can be executed or not, and how many subtasks are
realizable can be judged on-line. Furthermore, the sufficient con-
ditions have been shown that they can prove mathematically the
sustainability of the reconfiguration space of intermediate links by
nonsingular decomposition analyses of reconfiguration matrix.
Further, we confirmed the proposed analyses can be useful practi-
cally for evaluating the realistic manipulator’s configurations and
structures.

Besides being applied in obstacle avoidance of redundant ma-
nipulator discussed in this research as a basic example, reconfigu-
ration manipulability can be used to analyze the realizability of
body balancing motion of the humanoid robot as a subtask with
prior head motion. Therefore, we think that the proposal of recon-
figuration manipulability can lay fundamental base for a particular
research direction for redundant robot. ts and suggestions on this
paper.

Appendix

Proofs. Proof of Proposition a.

1Mn ¼ 0 (A1)

“Proposition a” follows.
Proof of Proposition b.
According to Eqs. (2), (36) and (42), 1Mi can be decomposed

as

1Mi ¼ ~JiVi;ðn�mÞ VT
n�m (A2)

then, we can obtain

rankð1MiÞ � rankð~JiÞ þ rankðVi;ðn�mÞÞ � i (A3)

and

rankð1MiÞ � minfrankð~JiÞ; rankðVi;ðn�mÞÞ; n� mg (A4)

In Eqs. (A3) and (A4), we use an important mathematical theory:
assuming A is n�m matrix and B is m� l matrix, then

rankðAÞ þ rankðBÞ � m � rankðABÞ � minfrankðAÞ; rankðBÞg
(A5)

“Proposition b” follows.
Proof of Lemma a. Because rankðJn�mþ1!n

n Þ ¼ m, we can
obtain rankðJnÞ ¼ m, so, referring to Eq. (29), Jn can be decom-
posed by

Jn ¼ UmRmVT
m

¼ RmVT
m (A6)

In Eq. (A6), because rankðUmÞ ¼ m and rankðRmÞ ¼ m;
rankðRmÞ ¼ rankðUmRmÞ ¼ m. Then, according to Eq. (A6), we
can obtain

VT
m ¼ R�1

m Jn (A7)

above equation can be rewritten as

½VT
ðn�mÞ;m;V

T
m;m� ¼ R�1

m Jn (A8)

According to Eq. (A8) and the definition of Jn�mþ1!n
n , we can

obtain

VT
m;m ¼ R�1

m Jn�mþ1!n
n (A9)

In above equation, because rankðR�1
m Þ ¼ m and rank

ðJn�mþ1!n
n Þ ¼ m, we can obtain

rankðVT
m;mÞ ¼ rankðVm;mÞ
¼ m (A10)

In addition, from Eq. (39), V can be simply expressed as

V ¼ A C
B D

� �
(A11)

then, we can obtain that

VTV ¼
ATAþ BTB ATCþ BTD

CTAþ DTB CTCþ DTD

" #
(A12)

and

VVT ¼
AAT þ CCT ABT þ CDT

BAT þ DCT BBT þ DDT

" #
(A13)

And because of the condition that

VTV ¼ In (A14)

Fig. 28 Humanoid robot with visual servoing system
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then, from Eq. (A12), we can obtain

ATAþ BTB ¼ Im (A15)

Because of the condition that

VVT ¼ In (A16)

then, from Eq. (A13), we can obtain

AAT þ CCT ¼ In�m (A17)

AT and A can be expressed by singular value decomposition as

AT ¼ AUARAVT (A18)

and

A ¼A VARTAUT (A19)

In Eqs. (A18) and (A19), AU is m�m matrix satisfying
AUAUT ¼AUTAU ¼ Im;

AR is m� (n – m) matrix including singu-
lar values of A, AV is (n – m)� (n – m) matrix satisfying
AVAVT ¼A VTAV ¼ In�m. Then, we can obtain

ATA ¼A UARARTAUT (A20)

and

AAT ¼ AVARTA

RAVT (A21)

According to Eqs. (A17) and (A20), we can obtain

BTB ¼ AUðIm � ARARTÞAUT (A22)

then, we can obtain

Im � ARART ¼ AUTBTBAU (A23)

In Eq. (A23), because rankðBÞ ¼ m and rankðAUÞ ¼ m (here,
please note that B and AU are m�m matrices), so we can obtain

rankðIm � ARARTÞ ¼ m (A24)

If n � 2m, according to Eqs. (A17) and (A21), we can obtain

CCT ¼ AV
Im � ARART [

[ In�2m

� �
AVT (A25)

In Eq. (A25), because of Eq. (A24), we can obtain

rank
Im � ARART [

[ In�2m

� �� �
¼ n� m (A26)

and because rankðAVÞ ¼ n� m and Eq. (A26), we can obtain
rankðCCTÞ ¼ n� m, that is, rankðCÞ ¼ n� m.

On the other hand, if m < n < 2m, according to Eqs. (A17) and
(A21), we can obtain

CCT ¼ AVðIn�m � ART ARÞAVT (A27)

In above equation, because n� m < m, we can obtain the relation
as

Im � ARART ¼ In�m � ARTAR [

[ I2m�n

� �
(A28)

Because rankðIm � ARARTÞ ¼ m in Eq. (A24) and
rankðI2m�nÞ ¼ 2m� n, we can obtain

rankðIn�m � ART ARÞ ¼ m� ð2m� nÞ ¼ n� m (A29)

and because rankðAVÞ ¼ n� m and Eq. (A27), we can obtain
rankðCCTÞ ¼ n� m, that is, rankðCÞ ¼ n� m.

According to above discussion, in the two conditions of n � 2m
and m < n < 2m, we can obtain (here, please note
C ¼ Vðn�mÞ;ðn�mÞ in Eq. (39))

rankðVðn�mÞ;ðn�mÞÞ ¼ n� m (A30)

Then, when 1 � i < n� m, we can obtain the relation between
Vi;ðn�mÞ and Vðn�mÞ;ðn�mÞ as

Vðn�mÞ;ðn�mÞ ¼
Vi;ðn�mÞ

Vðn�m�iÞ;ðn�mÞ

� �
(A31)

According to Eqs. (A30) and (A31), Vðn�mÞ;ðn�mÞ is
ðn� mÞ � ðn� mÞ matrix with full rank. Since Vi;ðn�mÞ is i�
(n � m) matrix and Vi;ðn�mÞ is one part of Vðn�mÞ;ðn�mÞ, then the jth
(j ¼ 1;…; i) row vectors of Vi;ðn�mÞ are independent and we can
obtain rankðVi;ðn�mÞÞ ¼ i.

When n� m � i � n, we can obtain the relation between
Vi;ðn�mÞ and Vðn�mÞ;ðn�mÞ as

Vi;ðn�mÞ ¼
Vðn�mÞ;ðn�mÞ

Vði�nþmÞ;ðn�mÞ

� �
(A32)

According to Eqs. (A30) and (A32), Vðn�mÞ;ðn�mÞ is one part of
Vi;ðn�mÞ, then the jth (j ¼ 1;…; n� m) column vectors of Vi;ðn�mÞ
are independent and we can obtain rankðVi;ðn�mÞÞ ¼ n� m. In this
way, we can obtain

rankðVi;ðn�mÞÞ ¼
i 1 � i < n� m

n� m n� m � i � n

�
(A33)

“Lemma a” follows.
Proof of Theorem a. According to Eqs. (2), (45), and (48),

“Theorem a” follows.
Proof of Theorem b. If fn � 2mg \ f1 � i < mg or

fm < n < 2mg \ f1 � i < n� mg, we know that i < m � n� m
or i < n� m < m, by inputting these conditions into “Theorem
a” Eq. (50), we can obtain

rankð1MiÞ ¼ i (A34)

If fn � 2mg \ fm � i � n� mg, we know that m � i � n� m,
by inputting this condition into “Theorem a” Eq. (50), we can
obtain

rankð1MiÞ ¼ m (A35)

If fm < n < 2mg \ fn� m � i � mg, we know that n� m
� i � m, by inputting this condition into “Theorem a” Eq. (50),
we can obtain

rankð1MiÞ ¼ n� m (A36)

If fn � 2mg \ fn� m < i � n� 1g, we know that m � n
�m < i, by inputting this condition into “Theorem a” Eq. (50),
we can obtain

n� i � rankð1MiÞ � m (A37)

If fm < n < 2mg \ fm < i � n� 1g, we know that n� m
< m < i, by inputting this condition into “Theorem a” Eq. (50),
we can obtain
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n� i � rankð1MiÞ � n� m (A38)

In this way, “Theorem b,” Eqs. (57) and (58) are proved in
above five conditions as shown Eqs. (A34)–(A38).

Proof of Theorem c. In Eq. (59), when i¼ n and � ¼ n� mþ 1,
we can obtain

rankðJ�!�þm�1
i Þ ¼ rankðJn�mþ1!n

n Þ
¼ minfn;mg
¼ m (A39)

which corresponds to (a) of Eq. (56). By Eq. (A39), we finish the
proof that “Full-Non-Singular Configuration Assumption”
includes “Nonsingular Configuration Assumption (a)”.

From Eq. (59), when i < m and � ¼ 1, we can obtain

rankðJ�!�þm�1
i Þ ¼ rankðJ1!m

i Þ
¼ rankð~JiÞ
¼ i; (A40)

when m < i and � ¼ i� mþ 1, we can obtain

rankðJ�!�þm�1
i Þ ¼ rankðJi�mþ1!i

i Þ
¼ m (A41)

then, we can obtain

rankð~JiÞ ¼ m (A42)

Then, Eqs. (A40) and (A42) can be combined as

rankð~JiÞ ¼ minfi;mg (A43)

that is

rankðJiÞ ¼ minfi;mg (A44)

which is identical to “nonsingular configuration assumption ðbiÞ”
of “Theorem a”. In this way, we finish the proof that “Full-Non-
Singular Configuration Assumption” includes “Nonsingular con-
figuration assumption ðbiÞ.”

Proof of Corollary a. Put D1 _rid ¼ �JiJ
þ
n _rnd. There exists

1l 2 Rn such that D1 _rid ¼ 1M1
i l if and only if D1 _rid 2 Rð1MiÞ.

That is D1 _rid ¼ 1M1
i Mþi D1 _rid, which is equivalent to JiJ

þ
n _rnd

¼ 1M1
i Mþi JiJ

þ
n _rnd. Since _rnd has been assumed to be given arbi-

trarily in m-dimension, it follows JiJ
þ
n ¼ 1M1

i Mþi JiJ
þ
n .

Proof of Corollary b. In “Nonsingular Configuration
Assumption” or “Full-Nonsingular Configuration Assumption”
for all i satisfying 1 � i � n� m. From “Theorem a,” when
1 � i � n� m, we can obtain
rankðJiÞ ¼ rankð1MiÞ ¼ minfi;mg. In addition, Ji and 1Mi can
be decomposed as Ji ¼ B0C0 and 1Mi ¼ B0D0. B0 is m� i matrix,
C0 and D0 are i� n matrices. Referring to Eqs. (2) and (44), B0;C0,
and D0 can be described as

B0 ¼ ~Ji

C0 ¼ ðIi0Þ
D0 ¼ Vi;ðn�mÞV

T
n�m

8><>: (A45)

and it is easy to know

rankðB0Þ ¼ minfi;mg
rankðC0Þ ¼ i

(
(A46)

and

rankðD0Þ ¼ minfi; n� mg ¼ i (A47)

because rankðVi;ðn�mÞÞ þ rankðVT
n�mÞ � ðn� mÞ � rankðD0Þ � min

frankðVi;ðn�mÞÞ; rankðVT
n�mÞg, that is rankðVi;ðn�mÞÞ � rankðD0Þ

� minfrankðVi;ðn�mÞÞ; n� mg, that is minfi; n� mg � rankðD0Þ
� minfminfi; n� mg; n� mg, resulting in rankðD0Þ ¼ i in this case
referring to Eq. (A33).

Then, if f1 � i < m � n� mg [ f1 � i � n� m < mg, we can
obtain

1M1
i Mþi JiJ

þ
n ¼ B0D0½D0TðD0D0TÞ�1ðB0TB0Þ�1B0T �B0C0Jþn
¼ B0½D0D0TðD0D0TÞ�1ðB0TB0Þ�1B0TB0�C0Jþn
¼ B0C0Jþn
¼ JiJ

þ
n (A48)

If m � i � n� m, because 1Mi is row full rank matrix, that
is rankð1MiÞ ¼ m, we can simply obtain

1M1
i Mþi JiJ

þ
n ¼ 1M1

i MT
i ð

1M1
i MT

i Þ
�1JiJ

þ
n

¼ JiJ
þ
n

(A49)
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