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Biped locomotion generated by control methods based
on Zero-Moment Point (ZMP) has been achieved and
its efficacy for stable walking, where ZMP-based walk-
ing does not include the falling state, has been verified
extensively. The walking control that does not depend
on ZMP – we call it dynamical walking – can be used in
walking that utilizes kicks by toes, which looks natural
but is vulnerable to turnover. Therefore, keeping the
walking of dynamical motion stable is indispensable to
the realization of human-like natural walking – the au-
thors perceive the human walking, which includes toe
off states, as natural walking. Our research group has
developed a walking model, which includes slipping,
impact, surface-contacting and line-contacting of foot.
This model was derived from the Newton-Euler (NE)
method. The “Visual Lifting Approach” (VLA) strat-
egy inspired from human walking motion utilizing vi-
sual perception, was used in order to enhance robust
walking and prevent the robot from falling, without
utilizing ZMP. The VLA consists of walking gate gen-
eration visual lifting feedback and feedforward. In
this study, simulation results confirmed that bipedal
walking dynamics, which include a slipping state be-
tween foot and floor, converge to a stable walking limit
cycle.

Keywords: humanoid, bipedal walking, visual lifting ap-
proach

1. Introduction

With regard to humanoid walking control, ZMP-based
walking is considered the most promising approach and
it has been confirmed as a realistic control strategy for
achieving the stable walking of actual biped robots. This
is possible because ZMP-based walking can guarantee
that the robots are able to maintain a standing position by
retaining the ZMP within the convex hull of the support-
ing area [1, 2]. However, the walking profile of the ZMP-
based strategy looks waist-lowered, similar to the walk-
ing style of monkeys. As alternatives to the ZMP, other
approaches have focused on keeping the robot’s walking
trajectories inside a basin of attraction [3–5], including a
method that refers to the limit cycle in order to determine

the input torque [6].
Previous discussions were based on simplified bipedal

models, which tend to avoid the consideration of slip-
ping or the real world effects of feet. Contrary to the
above, Huang et al. (2010) [7] pointed out that the ef-
fect of feet accounts for different varieties of walking
gait, e.g., point contacting (heel contacting) and surface
contacting (foot-sole ground contact), causing the dimen-
sional change of state variables. Our research started out
with a point of view similar to the one held by Huang
et al. (2010) [7]. Thereby, our initial purpose was to de-
scribe gait dynamics as accurately as possible, including
the foot’s point/surface-contact state, foot slipping and
bumping, where the walking gait transition would be de-
cided with regard to walking motion. This is called event-
driven transition [8]. The model used by Huang et al.
(2010) [7] does not account for the body, arms and head.
Therefore, it is different from our model, which includes
whole-body dynamics and accounts for arms and head.
Importance is placed on dimension of the motion equa-
tion, which changes depending on the particular walking
gait variety, introduced by Wu et al. (2010) [9] which con-
siders a one-legged hopping robot.

If we consider the example of the heel being detached
from the ground while the toe is in contact, a new state
variable describing the foot’s rotation would emerge. This
would result to the increase of a number of state vari-
ables. In fact, this kind of dynamics with the state dimen-
sion number being changed by the result of its dynamical
time motion profiles are out of the scope of control the-
ory, which is concerned with how to control a system that
has a fixed number of states. Further, tipping over mo-
tion, known as non-holonomic dynamics, includes a joint
without inputting torque, i.e., a free joint.

Additionally, the landing of the lifted toe’s heel or toe
on the ground makes geometrical contact. Nakamura and
Yamane (2000) [10] described how to represent contact
with an environment that can handle constraint motion
with friction, using algebraic equations, and applied it to
human figures [11]. On the basis of these references, 20
kinds of gait dynamics were derived, including slipping
motion with both varying constraint conditions and di-
mensional changing of state variables. As a result, the dy-
namical model was elaborated as much as possible [12].

In our previous work on the VLA [13–15], an incom-
plete humanoid model was used, in which the head, arms
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Fig. 1. Definition of humanoid’s link, joint and whole body,
1©– 17© represents link number, 1 – 17 means joint number,

q1–q17 means joint angles.

and torso, were omitted. Therefore, the model was too
simple, since the effect of the arm and upper body’s dy-
namical coupling were not considered. However, an im-
proved model was used in the present study which con-
siders slipping in the sagittal direction. The validity of the
model was verified and the results were presented recently
in a published paper [12].

In this study, we investigated the potential of ZMP-
independent walking in realizing human-like natural
walking with slippage, including the toe-off state. The
“Visual Lifting Approach” (VLA) based on the visual ser-
voing and visual feedback concepts, which are in turn
based on the similar concept of impedance control [16],
was used. A real-time pose tracking method has been pro-
posed, as a visual pose estimation [17, 18] by which a 3D
object, set near the humanoid, measures the robot’s head
relative to position and orientation. The simulation results
showed that visual feedback helped realize stable bipedal
walking and that ZMP exists on the convex hull boundary
line of the supporting area, under the condition that hu-
manoid dynamics include toe-off, slipping and bumping.
Furthermore, this paper discusses the effectiveness of the
VLA in making bipedal walking dynamics, including the
slipping state between the foot and floor, converge to sta-
ble walking limit cycles.

2. Dynamical Walking Model

2.1. Forward Kinematical Calculations

In this paper, a biped robot, whose definition is depicted
in Fig. 1, is discussed. Table 1 indicates the length li [m],
mass mi [kg] of links and the coefficient of the joints’ vis-
cous friction di [N·m·s/rad], which were decided based
on the study by Kouchi et al. (2000) [19]. This model
was simulated as a serial-link manipulator with ramifica-
tions on both of waist and upper body and represented
the rigid whole body – feet including toe, torso, arms and
so on – with 17 degree-of-freedom. Although the mo-
tion of legs is restricted in the sagittal plane, the model
generates various walking gait sequences, since the robot

Table 1. Physical parameters.

Link li [m] mi [kg] di [Nms/rad]

Head 0.24 4.5 0.5
Upper body 0.41 21.5 10.0
Middle body 0.1 2.0 10.0
Lower body 0.1 2.0 10.0
Upper arm 0.31 2.3 0.03
Lower arm 0.24 1.4 1.0

Hand 0.18 0.4 2.0
Waist 0.27 2.0 10.0

Upper leg 0.38 7.3 10.0
Lower leg 0.40 3.4 10.0

Foot 0.07 1.3 10.0

Total weight [kg] — 64.2 —

Total hight [m] 1.7 — —

has flat-sole feet and kicking torque. In this paper, the
foot called link-1 is defined the “supporting-foot” and
the other foot, called link-7, is defined as the “free-foot”
(“contacting-foot” when the free-foot makes contact with
the floor) according to the walking state. When the slip-
ping of the contacting-foot stopped, meaning that static
friction force was exerted to the foot, the contacting-foot
was transferred into the supporting-foot and the previ-
ously supporting-foot changed to being the free-foot when
it was detached from ground.

The motion equation was derived by following the
NE formulation [19, 20]; therefore, the structure of the
supporting-foot needed to be considered in two situations.
When the supporting-foot was constituted by a rotating
joint, the relations of positions made by rotation were first
calculated, followed by the velocities and accelerations
between links, as forward kinematics procedures from the
bottom link to the top link. The serial link’s angular veloc-
ity iωωω i, angular acceleration iω̇ωω i, acceleration of the origin
i p̈ppi and acceleration of the center of mass is̈ssi based on Σi
fixed at the i-th link, which included the supporting-foot
being rotational, were obtained as follows:

iωωω i = i−1RRRT
i

i−1ωωω i−1 + eeezi q̇i . . . . . . . (1)
iω̇ωω i = i−1RRRT

i
i−1ω̇ωω i−1 + eeezi q̈i + iωωω i × (eeezi q̇i) . (2)

i p̈ppi = i−1RRRT
i

{
i−1 p̈ppi−1 + i−1ω̇ωω i−1 × i−1 p̂ppi

+i−1ωωω i−1 × (i−1ωωω i−1 × i−1 p̂ppi)
}

(3)

is̈ssi = i p̈ppi +
iω̇ωω i × iŝssi + iωωω i × (iωωω i × iŝssi). . (4)

Here, i−1RRRi means orientation matrix, i−1 p̂ppi represents the
position vector from the origin of (i−1)-th link to the one
of i-th, iŝssi is defined as gravity center position of i-th link
and eeezi is a unit vector, which shows the rotational axis of
i-th link.

If the supporting-foot is slipping, it should be described
as a prismatic joint, which is used in the modeling of foot
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slippage. The equations will then switch as follows:
iωωω i = i−1RRRT

i
i−1ωωω i−1 . . . . . . . . . . . (5)

iω̇ωω i = i−1RRRT
i

i−1ω̇ωω i−1 . . . . . . . . . . . (6)
i p̈ppi = i−1RRRT

i

{
i−1 p̈ppi−1 + i−1ω̇ωω i−1 × i−1 p̂ppi

+i−1ωωω i−1 × (i−1ωωω i−1 × i−1 p̂ppi)
}

+2(i−1RRRT
i

i−1ωωω i−1)× (eeeziq̇i)+ eeeziq̈i (7)
is̈ssi = i p̈ppi +

iω̇ωω i × iŝssi + iωωω i × (iωωω i × iŝssi) . . . . (8)

where in this case, eeezi represents the slipping direction.
The velocity and acceleration of the 4th link are trans-

mitted to the 5th and 8th link and the ones of the 10th link
are transmitted to the 11th, 14th and 17th links directly,
due to ramification mechanisms, as shown in Fig. 1.

2.2. Backward Inverse Dynamical Calculations
After the above forward kinematic calculation was car-

ried out, contrarily inverse dynamical calculation from the
top to the base link was required as shown below. The
Newton and Euler equations of the i-th link are repre-
sented by Eqs. (9) and (10) where iIIIi is defined as the
inertia tensor of the i-th link. Here, i fff i and innni in Σi show
the force and moment exerted on the i-th link from the
(i+1)-th link based on the coordinates of Σi.

i fff i = iRRRi+1
i+1 fff i+1 +mi

is̈ssi . . . . . . . . . (9)
innni = iRRRi+1

i+1 fff i+1 + iIIIi
iω̇ωω i + iωωω i × (iIIIi

iωωω i)

+iŝssi × (mi
is̈ssi)+ i p̂ppi+1 × (iRRRi+1

i+1 fff i+1) (10)

On the other hand, since force and torque of the 5th and
the 8th links are exerted on the 4th link, effects onto the
4th link are described as:

4 fff 4 = 4RRR5
5 fff 5 + 4RRR8

8 fff 8 +m4
4s̈ss4, . . . . . (11)

4nnn4 = 4RRR5
5nnn5 + 4RRR8

8nnn8 + 4III4
4ω̇ωω4 + 4ωωω4 × (4III4

4ωωω4)

+4ŝss4 × (m4
4s̈ss4)+ 4 p̂pp5 × (4RRR5

5 fff 5)

+4 p̂pp8 × (4RRR8
8 fff 8). . . . . . . . (12)

Similarly, the force and torque of the 11th, 14th and
17th links are transmitted to the 10th link directly. Then,
the inverse calculation of i-th link, which is equivalent to
rotational equation of motion of the i-th link, is obtained
as Eq. (13) by making the inner product of the induced
torque onto the i-th link’s unit vector eeezi around the rota-
tional axis:

τi = eeeT
zi

innni +diq̇i. . . . . . . . . . . (13)

However, when the supporting-foot (1st link) is slip-
ping (prismatic joint), the force exerted onto the 1st link
may be calculated by the following equation:

fy0 = eeeT
z0

0 fff 0 + μkẏ0. . . . . . . . . . (14)

where ẏ0 represents the slipping velocity.
Finally, the motion equation, when one foot is standing,

can be derived as:

MMM(qqq)q̈qq+hhh(qqq, q̇qq)+ggg(qqq)+DDDq̇qq = τττ. . . . (15)

fs0 = ñs Åfn0 ft0 = ñk Åfn0
ñs = 1:0 ñk = 0:7

_y0 6= 0_y0 = 0

jfy0j > jfs0j

q = [q1;ÅÅÅ; q17]T q = [y0; q1;ÅÅÅ; q17]T

j _y0j < "

Fig. 2. Switch conditions of stick-slip motion.

Here, τττ = [ fy0 ,τ1,τ2, . . . ,τ17] is the input torque, where
f0 is always identical to zero since the slipping motion
does not have an actuator. MMM(qqq) is the inertia matrix,
hhh(qqq, q̇qq) are vectors that indicate the Coriolis force and cen-
trifugal forces, and ggg(qqq) represents the gravity force. μk in
DDD = diag[μk, d1, d2, . . . , d17] is the coefficient of friction,
μk is the friction coefficient between foot and ground. In
addition qqq = [y0, q1, q2, . . . , q17]T represents the rela-
tive position y0 between foot and ground, which is gen-
erated by the slipping and angle of joints q1–q17. The
viscous friction force of the y-axis (slipping axis) can be
expressed as μkẏ0, which is included in the left-hand side
of Eq. (15).

This slipping motion state is depicted at the right side
of Fig. 2. If |ẏ0| < ε is satisfied, the degree of motion
y0 disappears; then the motion equation transfers to the
motion equation consisting of qqq = [q1,q2, . . . ,q17]T . In
this state, the static friction coefficient μs = 1.0 is ap-
plied, and static friction force fs0 = μs fn0 is exerted to
the lateral direction of the foot. When the exerting lateral
force fy0 is generated by the dynamical coupling of the
humanoid body calculated by Eq. (14), it should satisfy
| fy0| > | fs0|. At that point, slipping motion starts and the
motion equation, which includes qqq = [q1, q2, . . . , q17]T ,
is changed to the motion equation with variables of qqq =
[y0, q1, q2, . . . , q17]T again, as depicted in the right state
shown in Fig. 2.

2.3. Free-Foot Constraint Conditions

When making free-foot contact with the ground, the
free-foot appears to have the foot position as zero and the
angle of foot to the ground is constrained to zero. In ad-
dition, when the velocity of the free-foot in the traveling
direction ẏ0 is less than 0.0002 mm/Δt (Δt = 2× 10−4 s,
which is the Runge-Kutta integration period), the free-
foot can be considered to have stopped and constrained
by static friction. The constraints of the foot’s z-axis heel
position and rotation and the foot’s y-axis position, based
on the coordinates of ΣW in Fig. 1, can be defined as C1,
C2 and C3, respectively. These constraints can be written
as shown below:

CCC(rrr(qqq)) =

⎡
⎣ C1(rrr(qqq))

C2(rrr(qqq))
C3(rrr(qqq))

⎤
⎦ = 000 . . . . . . . (16)
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where rrr(qqq) means the free-foot’s heel or toe position in
ΣW .

Then, the robot’s motion equation with external force
fnz, friction force ft , external torque τn and external force
fny generated as static friction forces corresponding to C1,
C2 and C3, respectively, can be derived as:

MMM(qqq)q̈qq+hhh(qqq, q̇qq)+ggg(qqq)+DDDq̇qq

= τττ + jjjT
cz fnz − jjjT

t ft + jjjT
r τn + jjjT

cy fny . (17)

where jjjcz, jjjt , jjjr and jjjcy are defined as:

jjjT
cz =

(
∂C1

∂ qqqT

)T

⎛
⎜⎜⎝ 1∥∥∥∥∂C1

∂ rrrT

∥∥∥∥

⎞
⎟⎟⎠ , jjjT

t =
(

∂ rrr
∂ qqqT

)T ṙrr
‖ṙrr‖ ,

jjjT
r =

(
∂C2

∂ qqqT

)T

⎛
⎜⎜⎝ 1∥∥∥∥ ∂C2

∂ qqqT

∥∥∥∥

⎞
⎟⎟⎠ , jjjT

cy =
(

∂C3

∂ qqqT

)T

⎛
⎜⎜⎝ 1∥∥∥∥ ∂C3

∂ qqqT

∥∥∥∥

⎞
⎟⎟⎠ .

. . . . . . . . . . . . . . . . . . (18)

It is common sense that (i) fnz and ft are orthogonal,
and that (ii) the value of ft is decided by ft = K fnz (0 <
K ≤ 1). By differentiating Eq. (16) twice with respect
to time, the constraint condition of q̈qq can be derived as
follows:(

∂Ci

∂ qqqT

)
q̈qq+ q̇qqT

{
∂

∂ qqq

(
∂Ci

∂ qqqT

)}
q̇qq = 0 (i = 1, 2, 3) (19)

By making q̈qq in Eqs. (17) and (19) identical, the equa-
tion of contacting motion can then be obtained as follows:⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

MMM(qqq) −( jjjT
cz − jjjT

t K) − jjjT
r − jjjT

cy

∂C1

∂ qqqT 0 0 0

∂C2

∂ qqqT 0 0 0

∂C3

∂ qqqT 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎣

q̈qq
fnz
τn
fny

⎤
⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

τττ −hhh(qqq, q̇qq)−ggg(qqq)−DDDq̇qq

−q̇qqT
{

∂
∂ qqq

(
∂C1

∂ qqqT

)}
q̇qq

−q̇qqT
{

∂
∂ qqq

(
∂C2

∂ qqqT

)}
q̇qq

−q̇qqT
{

∂
∂ qqq

(
∂C3

∂ qqqT

)}
q̇qq

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. . . (20)

2.4. Bumping Calculation

When the swing-foot touches the ground, the treatment
of bumping motion needs to be considered. There are two
kinds of bumping, which concern the heel and toe. The
dynamics of bumping between the heel and the ground
are shown below. By integrating Eq. (17) under τn = 0 in
time, under reasonable assumptions, the equation of strik-
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Fig. 3. Concept of visual lifting approach.

ing moment can then be obtained as follow:

MMM(qqq)q̇qq(t+1 ) = MMM(qqq)q̇qq(t−1 )+( jjjT
c − jjjT

t K)Fim. (21)

Eq. (21) describes the bumping of ΣW in the z-axis be-
tween the heel and the ground. q̇qq(t+1 ) and q̇qq(t−1 ) are the
angular velocity after and before the striking respectively.
The impulse of bumping, Fim, can be defined as:

Fim = lim
t−1 →t+1

∫ t+1

t−1
fnzdt. . . . . . . . . . (22)

The velocity of the robot is constrained by the follow-
ing equation, which is given by differentiating C1 with
respect to time after the strike:

∂C1

∂ qqq
q̇qq(t+1 ) = 0. . . . . . . . . . . . (23)

Then, the matrix formation equation in the case of heel’s
bumping can be obtained as shown below. The velocity
q̇qq(t+1 ), after the bumping, is calculated by using the in-
verse matrix at the left-hand side of Eq. (24).⎡

⎣ MMM(qqq) −( jjjT
cz − jjjT

t K)
∂C1

∂ qqqT 0

⎤
⎦[

q̇qq(t+1 )
Fim

]

=
[

MMM(qqq)q̇qq(t−1 )
0

]
. . . . . . . . . (24)

The dynamics of the toe’s bumping can be derived by a
process similar to the above.

3. Visual Lifting Approach

3.1. Feedback Lifting Torque Generator
This section describes the VLA, which is a visual-

feedback control for improving humanoid standing and
walking stability as shown in Fig. 3. The model-based
matching method is used to measure the relative pose
ψψψ(t) between a stationary target object and the head rep-
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resented by ΣH in ΣW . The desired relative pose of ΣR
(reference target object’s coordinate) and ΣH is predefined
by homogeneous transformation as HTTT R. The difference
between the desired head pose ΣHd and the current pose
ΣH is denoted as HTTT Hd and can be described by:

HTTT Hd (ψψψd(t),ψψψ(t)) = HTTT R(ψψψ(t)) ·Hd TTT R
−1(ψψψddd(t)) (25)

where, although HTTT R is calculated by ψψψ(t), it can
also be measured by the on-line visual pose estimation
method [17, 18]. In this study, it is assumed that the pa-
rameter ψψψ(t) was detected correctly. Here, the torque
τττh(t) exerted on the driving motors of the humanoid in or-
der to minimize δ ψψψ(t) = ψψψd(t)−ψψψ(t) is calculated from
HTTT Hd , which is the pose deviation of the robot’s head,
caused by the influence of the gravity force and walking
dynamics. The joint torque τττh(t), which pulls the robot’s
head up, is given by the following equation:

τττh(t) = JJJh(qqq)T KKK pδ ψψψ(t), . . . . . . . . (26)

where JJJh(qqq) is a Jacobian matrix of the head pose against
joint angles including q1, q2, q3, q4, q9, q10, q11, q18,
which means that the joints from the supporting-foot to
the head are included; KKK p is the proportional gain simi-
lar to impedance control. This input is used in order to
compensate for falling motions caused by gravity or dan-
gerous and unpredictable slipping motion during all walk-
ing states. Notice that the input torque for non-holonomic
joints, such as joint-1 (toe of supporting-foot), τh1 in τττh(t)
in Eq. (26) needs to be set to zero since this is a free joint.
Although δ ψψψ(t) is capable of representing error with re-
gard to humanoid position and orientation, only the po-
sition was utilized in this stage; therefore, KKK p was set as
KKK p = diag[20,290,1100]T .

3.2. Foot and Body Motion Generator
In addition to τττh(t) in Eq. (26), two other

kinds of input torques were used: τττt(t) =
[0, τt2, τt3, 0, τt5, τt6, τt7, 0, . . . , 0]T , was used
in order to make the floating-foot and supporting-foot
step forward; and τττw(t) = [0, . . . , 0, τw8, 0, . . . , 0]T , was
used in order to swing the waist’s roll angle (joint-8) for
the purpose of realizing the arm swinging motion through
dynamical coupling. The element τττt(t) and τττw(t) are
shown below.

τt2 = Kp2(qd2 −q2) . . . . . . . . . . (27)
τt3 = Kp3(qd3 −q3) . . . . . . . . . . (28)

τt5 = 20cos
[

2π
(t − t2)

1.85

]
. . . . . . . . (29)

τt6 = Kp6(qd6 −q6) . . . . . . . . . . (30)
τt7 = Kp7(qd7 −q7) . . . . . . . . . . (31)

τw8 = 50sin
[

2π
(t − t2)

1.85

]
. . . . . . . . (32)

Here, t2 represents the time when the supporting-foot
and contacting-foot are switched. In the above equa-
tions, qd2 = −0.2 rad, qd3 = 0.3 rad, qd6 = −0.5 rad,

qd7 = 0.6 rad are constant in order to make each joint
angle change according to the desired values; Kp2 = 50,
Kp3 = 50, Kp6 = 100, Kp7 = 60.

3.3. Combined Lifting/Swinging Controller
Combining the three torque generators expressed in

Eqs. (26)–(32), a walking controller is created as τττ(t) =
τττh(t)+ τττ t(t)+ τττw(t).

4. Simulation of Bipedal Walking

Simulations were conducted under an environment
consisting of the sampling time set to 2.0× 10−4 sec, the
coefficient of friction between foot and ground considered
as a static friction coefficient where μs = 1.0, and viscous
friction considered as μk = 0.7. The proportional gain of
the VLA was set as KKK p = diag[20, 290, 1100]; the target
height of the head was set to ψψψd = [2.30 m, 0, 0].

With regard to the simulation environment, the
software “Borland C++ Builder Professional Ver.5.0”
was used to develop a simulation program; “OpenGL
Ver.1.5.0” was used to display humanoid’s time-transient
configurations.

Figure 4 represents the position of the waist joint and
center of gravity (COG) during the simulation of 100
walking steps. The upper part of Fig. 4 shows a screen-
shot of the walking simulation. The A point represents
the initial posture; B and B’ show the state before and af-
ter the switching of the supporting-foot in the first step; C
and C’ show the second time of supporting-foot switch-
ing. The lower two columns show the transition of waist
and COG from the transient responses to the stable state,
described by the coordinate Σtoe, which is fixed at the toe
of the supporting-foot. The initial stage of walking occurs
between the 1st and 5th steps, as depicted in (b) and (c);
the trajectories of both waist and COG do not converge.
In these figures, points A, B, B’, C and C’ correspond to
position profiles in (a). The convergence stage occurs be-
tween the 6th step and 10th steps in (d) and (e). At this
stage, the various initial motion trajectories tend to con-
verge. Finally, the stable stage is entered after the 10th
step in (f) and (g). At this stage, the waist trajectory and
COG converge to a very narrow trajectory (almost one
line).

Figure 5 shows the angle qG between the COG and
the origin of Σtoe. The angle qG is defined in Fig. 1, and
can express the inclination of the body. Fig. 5 shows the
walking period T1–T4. In the initial stage (T1 and T2), qG
fluctuated in each step. In the third and fourth stage (T3
and T4), qG started to become constant in each step. After
T4, the qG was constant in each step.

Figures 6 and 7 represent the relationship of angle
q8 and waist joint angular velocity q̇8 during 100 steps,
which indicates the stability of walking. Fig. 6 shows
the initial and convergence stage (from the 1st to the 10th
step). In this stage, the movement of the waist is variable
and does not converge to one trajectory. When entering
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Ütoe

z
y

x

Fig. 4. Position of waist joint and COG during 100 steps walking simulation. The A point represents the initial posture; B and B’
show the state before and after the switching of supporting-foot in the first step, respectively; C and C’ show the second time of
supporting-foot switching. There are three stages in the walking simulation. The initial stage is from 1st to 5th step; the convergence
stage from 6th step to 10th step; stable stage occurs after the 10th step.
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Fig. 5. Angle qG between COG and origin point of world
coordinate system ΣW defined in Fig. 1.
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Fig. 6. Relation of angle q8 and angular velocity q̇8 of waist
joint in initial and convergence stage (from 1st to 10th step).
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Fig. 7. Relation of angle q8 and angular velocity q̇8 of waist
joint in stable stage (after 11th step).

the steady state, shown in Fig. 7, the movement of the
waist enters a limit cycle with very small width.

Figures 8 and 9 show the z-axis position (height) of the
head, waist and knee (right), based on the world coordi-
nate system ΣW , during 100 steps of walking. As shown
in Fig. 8, not only the movement of waist but also the
head and knee oscillate steadily; it can be seen that the
trajectory of motion is stable. Fig. 9 is the expansion of
Fig. 8 in time. The height of the head, waist and knee,
before falling in steady state walking, are depicted more
precisely than in Fig. 8. After the 11th step, the walk-
ing motion profile seems to be the same as described in
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Fig. 8. z-axis position (height) of head, waist, knee (right)
joint based on world coordinate system ΣW during 100 steps
walking simulation. After the 11th step comes the steady
state as shown in the Figs. 4(f) and (g).
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before steady state in Fig. 8. After 11th step, vibrational
motion of head, waist and knee become stable.

0
0.5

1
1.5

2
2.5

3
3.5

4
4.5

5

0 1 2 3 4 5 6 7 8

Y-
po

sit
io

n 
[m

]

Time [s]

Stop position of slip  

Δt
Δy

Start time of slip
Δy: Duration distance of slip
Δt: Duration time of slip
Cross mark: Number of step

Stop time of slip  

Start position of slip

Fig. 10. Relationship between slip distance Δy (vertical bar)
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11th step.

Figs. 4(f) and (g). The vibrational motion of the head,
waist and knee become stable.

Figure 10 represents the free-foot’s slip distance Δy
and slipping duration Δt, from the initial stage until the
stable walking. In the initial stage (1st to 5th step), both
the distance and the time of slip change irregularly, such
that Δy1−5 = 0.003,0.319,0.109,0.148,0.116 m, Δt1−5 =
0.385,0.388,0.192,0.266,0.210 s. From the convergence
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Fig. 11. Free-foot slip time Δt during 1st to 11th step and
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Fig. 12. Free-foot slip distance Δy during 1st to 11th step
and approximate curve representing the convergence state.

stage to the steady state, both distance and time con-
verge and become almost constant such that: Δy6−11 =
0.116,0.119,0.126,0.128,0.131,0.131 m and Δt6−11 =
0.214,0.218,0.228,0.229,0.234,0.233 s.

Figures 11 and 12 show the approximate curves of slip
time Δt and slip distance Δy, of the slip which represents
the convergence state. It follows from the figures that both
the slip time and slip distance change greatly before the
5th step; after the 6th step, slip motion becomes stable.

5. Conclusion

As a first step in realizing human-like natural walk-
ing, this paper discussed humanoid walking using a two
degree-of-freedom control combined with the Visual Lift-
ing Approach (VLA) by feedforward and feedback and
based on a dynamical model that contains flat feet in-
cluding toe, slipping and impact. The simulation results
confirmed that the combined strategy can help realize
ZMP-independent stable walking. In future works, slip-
ping phenomena in both lateral and rotational directions,
around the vertical axis should be considered. Then, in
order to verify the validity of the proposed method, the
noise and perturbation in the humanoid model will be con-
sidered, in addition to preventing or utilizing slippage.
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